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RAKDI M.A., MIDOUNE N.

WEIGHTS OF THE F;-FORMS OF 2-STEP SPLITTING TRIVECTORS OF RANK 8
OVER A FINITE FIELD

Grassmann codes are linear codes associated with the Grassmann variety G(¢,m) of ¢-dimen-
sional subspaces of an m dimensional vector space Fj'. They were studied by Nogin for general g.
These codes are conveniently described using the correspondence between non-degenerate 1, k|,
linear codes on one hand and non-degenerate [n, k| projective systems on the other hand. A non-
degenerate [1, k] projective system is simply a collection of # points in projective space IP*~! satis-
fying the condition that no hyperplane of IP*~! contains all the 1 points under consideration. In
this paper we will determine the weight of linear codes C(3, 8) associated with Grassmann varieties
G(3,8) over an arbitrary finite field IF;. We use a formula for the weight of a codeword of C(3,8),
in terms of the cardinalities certain varieties associated with alternating trilinear forms on FF&. For
m = 6 and 7, the weight spectrum of C(3, m) associated with G(3, i), have been fully determined by
Kaipa K.V, Pillai H.K and Nogin Y. A classification of trivectors depends essentially on the dimen-
sion 1 of the base space. For nn < 8 there exist only finitely many trivector classes under the action
of the general linear group GL(n). The methods of Galois cohomology can be used to determine
the classes of nondegenerate trivectors which split into multiple classes when going from F to [F.
This program is partially determined by Noui L and Midoune N and the classification of trilinear
alternating forms on a vector space of dimension 8 over a finite field IF; of characteristic other than 2
and 3 was solved by Noui L and Midoune N. We describe the IF;-forms of 2-step splitting trivectors
of rank 8, where char F, # 3. This fact we use to determine the weight of the ]Fq-forms.
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INTRODUCTION

Let V be an 8-dimensional vector space over a field K and let A>V denote the exterior
power of degree 3 over V, the classification of trivectors is the study of the action of general
linear group GL(V) on the space A3V defined by f.w = (A3f)(w). The equivalence classes
are the GL(V)-orbits under this action. As A3V* ~ (A3V)*, there is no difference between
trilinear alternating forms and trivectors. The support of the trivector w is the least subspace
F of V such that w € A3F, its dimension is the rank of w. Let w be a trilinear alternating form
onV.Theset {u € V, w(u,-,-) = 0} is called the radical of w and will be denoted by Radw. If
Radw = {0}, then w is called nondegenerate (full rank).

This classification is motivated by many important applications, especially in the theory
of codes. See [2,4,5,7]. Let C(3,8) be a grassman code (linear code) associated with the
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Grassmann variety G(3,8) of 3-dimensional subspaces of an 8-dimensional vector space IF&,
where IF; is a finite field with g elements. The parameters 1 and k of the code C(3,8) are

S —1)(* ' -1)(g* P -1
(P -D(g*t-1)(g—-1)

n=|C(38) =

8
k= .
(5
The minimum distance of grassmann codes C(3,8) equals d = °(8=3) = 415 The weight of
C(3,7), C(3,6) and C(2,m) is determined by [2], [5] and [4] respectively. In this paper,we are
interested in the classification of IF;-forms of the 2-step splitting trivectors of rank 8, and in

determining the weights of IF;-forms where IF; is a finite field of characteristic other than 3.
Some undefined terms can be found in references [2,3,6] and [5].

1 ]Fq—FORMS OF 2-STEP SPLITTING TRIVECTORS OF RANK < §

If w is a trivector defined over the field K, a K-form of w is another trivector of the same
type as that of w, defined over K which is isomorphic to w over K, the algebraic closure of K.
The element w of A3V is called splitting if there exists a decomposition V = V; @ V, such that
w € V1 ® A2V, If dimVy = 2, w is called 2-step splitting.

Preliminary result
1.1 Degenerate forms

Theorem 1 ([1]). Let V be a vector space of dimension 7 over a finite field IF;. Then any trivector
of rank < 7 in A3V is equivalent to one of the trivectors in Table 1.
Tablel. Trivectors of rank < 7 over IF; (degenerate forms).

Name Trivector

w3 €162€3
Ws €1 (6263 —+ 6465)
We,1  €162€3 + €465¢6
Weid, €1 (eseq + eseq) + ex(ezeq — dieqes) if char F; # 2
we1d, e1(exes +eges) + eg(erey — doeses + eges) if char F; =2
We,2 €1€2€4 + €xe365 + €1€3€¢
a)7’1 €1 (6263 —+ eyés —+ 6667)
w72 W71 + €046
w73 €162€3 + e3e4e5 + e5e6e7
w734, €1 (exes + esey) + eq(exes + dyesey) + egeses  if char F; # 2
wys, e1(exes +eses) + eq(eoey — dyeses + eges) + ejegey if charlFy = 2
wya  ej(exe3 + eges) + epeses + ezesey
w75  wWr2 + esesey

wheredy ¢ (Fg)?, dy € (Fg+)%.
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Main results
1.2 Nondegenerate forms (full rank)

Theorem 2. Let V be a vector space of dimension 8 over a finite field IF;. Then any IF;-form of
2-step splitting trivector of rank 8 in A3V is equivalent to one of the Table 2.

Table2. Trivectors of rank 8 over IF; (nondegenerate forms).

Name Trivector

wg1  e1(exe3 + eses5) + egeyes

wgy  eq(exes + eses + egey) + eseqes
wgs  e1(eseq + eseq) + ex(eses + eyes)
wsy  e1(exes +eseg) + eg(ezer + eses)
wgag, es(erex +eses) +eg(eres +dieses) +ey(eres) + eg(ezes) if char Fy # 2
wg a4, eg(eres +ezep) +ey(eres + eser + dreies) + egeren +eseseq  if char Fy = 2
ws5 €1 (

1 )
wgs,, e7(e1ex +ezeq + eseq) + egleq (eq + dres) + exeg + d—le3e5] if char Fy # 2

wgs,, e3(erex +ese7 + eseg) + es(ejes + eger + doegey) if char Fy = 2
wgs4, e1(dsezes + daeses + ezeg) + ex(eses + esey +-eqeg) if charlFy # 3
wge  e1(exes + eses + egey) + eg(eses + eseq)

(
(
(
(
(
(exe3 + eqes) + eg(exes + eyes)
(
(
(
(
(

whered; ¢ (Fg+)?,dy € (Fge)?,ds & (Fg+)°.

Proof. The IF;-forms of 2-step splitting trivectors of rank 8 where IF; is a field of characteristic
other than 2 and 3 has been done in [6], hence, in characteristic 2, it is sufficient to study the
case of orbits of type wg;, fori = 4,5.

In characteristic 2, the trivectors of type wg;, for i = 4,5 are written

wg a4, = eg(e1e4 + e3e2) + e7(e1es + eger + drere3) + ese1e2 + esezey

wg 54, = e3(e1ea + eqe7 + eges) + es(e1eq + egex + daesey).

If L is the quadratic extension of K, there exists a trivector wy & A3V such that w; % wsg 4
and w; ® L € A3(V ® L) is L-isomorphic to wg 4. We construct w as follows: wg 4 = e1(ezes +
eseg) + eq(ezer + eges) is a 4-step splitting because wga4 = esuj + eglp + eyus + egity where
Uy = ejep, Uy = ejes, Uz = epeq and uy = eseq, thus E = vect{uy,up, uz, us} is a subspace of
dimension 4 of A*K*. We put w), = wg 44, = €501 + €60 + €703 + egvy, with v = ezeq, v2 = eqep,
U3 = e1e4 + eaer + dreres, and vy = eqes + e3¢0, where K = K(a),a®> +a = dy, a € K. To each of
the forms wg 4, Wy 4 4,, We associate a quadratic form on E [6]: 2 (xuy + yuo + zuz + tuy), then
we get 7o (xuy + yup + zusz + tug) = (xt —yz), v2(xv1 + yvy + zv3 + tvg) = (y?dy — x> + zt)
respectively. The two forms are not equivalent over K but they may become equivalent over
the algebraic closure K. We can also prove that wg4 is not equivalent to wg 44, by using the
arithmetical invariant d1 (w) [6].

Similar arguments apply to the case for wg . O

2 FORMULA FOR THE WEIGHT OF A TRIVECTOR

The correspondence between equivalence classes of nondegenerate forms and equivalence
classes of nondegenerate linear [n, k|-codes, is one-to-one. In what follows, we speak by abuse
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of language not only of a weight of a codeword, but also of a weight of hyperplane and a
weight of a form w € A3V. Therefore, the problem on the spectrum of a Grassmann code
(at least, on the weights of the codewords) is closely related to that on the classification of the
elements of A\3V.

The cardinality of the general linear group GL(8, IF;) will be denoted by [8],

Bl =** V2~ D - 1) (g - 1),

Given a codeword of C(3,8), let w be the corresponding trivector on IFg, and let H be the
corresponding hyperplane of IP(/\3IF2) . The weight of the codeword w

wtlw)=|{P; : 1<i<mn, P;¢& H}|
We have
3]g - wt(w) = [{[v1,v2,v3] : (w,v1 Avp Avs) # 0}
21 Weight of a degenerate trivector

If w is degenerate, let Radw be r-dimensional. We pick a basis {ej, ...,es} of V such that
{es—r+1,...,es} is a basis for Radw. Let W denote the span of {ey, ..., es_,}.

Let @ denote the restriction of the form w to W. Since W N Radw = {0}, it is clear that @ is
a nondegenerate trivector on W. Thus, @ can be thought of as codeword in C(3,8 —r).

Proposition 1 ([2]). The weight of a degenerate trivector w in IFg is given by
wt(w) = 37 wt(@).

The proposition shows that in order to calculate the weights of codewords of C(3, 8), it is
enough to know only the weights of nondegenerate codewords of C(3, m) for m < 8.

Lemma 1. The weights of degenerate trivectors are

g

tws) =
Wﬂw>—q +q°
(wm>—qﬁ+qm+q qm
(we 1) =q° + 4" +‘1 2440
(we2) = q° + 4" + 4"
wt(wz1) = ‘115 + ‘113 +q"
(wr2) =4 +q° +q2 +q"
(w73) = q' +q +q +q —q
(wmd) q +q +q +q Y+ q"
wt(w74) +q +q —i—q
(

10

Proof. According to Proposition 1, the weight of a degenerate form w is g° times the weight
of w viewed as a trivector on ]F; the span of {ej,...,e7}. The latter weights were determined
in [2]. We multiply them by g°; we get the weights of w. O
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2.2 Weight varieties of a nondegenerate trivector

Let V be an 8-dimensional vector space over an arbitrary field F.
We consider the map ¢, : V — A2V* sending v — 1,w where 1, is the operation of the
interior multiplication defined by

(1w, B) = (w,v A B), forall € A2V.

Here, (, ) is the pairing between A/V* and AV for each j.

Given a two-from A € A2V*, we define certain quantities Pfy(A) € N2V for each k > 1
which we call the k-th Pfaffian of A. Let Pfy(A) = 1. We define Pfi(A) € A%V* inductively by
requiring

1A APf_1(A) = 1,Pfe(A), forallv € V.

This Pfi(A) generalizes the forms % =LAA- AN

Definition 1 ([2]). Given a nondegenerate trivector w on IFS, the k-th weight variety of w is the
subvariety of P’ given by

Xi(w) = P{x € 2\ {0} | Pty (1) = O}.

We have
@ = Xo(w) C X1(w) C Xa(w) € X|sa)_4(w) = P,
Lemma 2. Given a nondegenerate trivector w on IFg.
Let
ni = [ Xi(w)| = [Xi-a(w)]-

The weight wt(w) is given by

np +ny(l+ qz)

W) = (@ 4+ @ g ) - s

(1)

Proof. We use Theorem 7 in [2], we get

m;w

24 | .
wt(w) = ni(l1—q ),
=g arere g
for the case m = 8, we use 1y + n, + n3 = |P’|, we get this result in (1). O

3  WEIGHT CLASSIFICATION OF TRIVECTORS ON ]FS

The weights of the nondegenerate forms wg;, 1 < i < 6 can be determined from formula
(1) once the cardinalities of the varieties Xj (wg ;) and X5 (ws ;) are known. We recall that

Xi(w) = P{x € FS\{0} | Pf,(1,w) = 0}

Xp(w) = P{x € F3\{0} | Pf3(1,w) = 0}.
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Proposition 2. The varieties X;(wg ;) and their cardinalities for1 < i < 6 are

wgi | X1(ws,) ni(ws ;)

wgy | PPUP? | ¢ +2¢>+29+2
wsy |PPUp PP | ¢®+24°+q+1
wsz | PLUP! 2q+2

wgq | P x P! 7> +29+1
wsaq | PUF.) 7> +1

wgs | Pt Upo P! 29 +1

Ws 5,4 Z 0

ws 6 P! g+1

Proof. Let x = 2}3:1 xjej. We have

8
Ph(1xw) =) szsz(Lejw) + Y xixj(te,w) A (te;w). (2)
j=1

i<j

We calculate Pf; (1yw;) using the above formula (2) and set it equal to zero to determine the
varieties X1 (w;). We begin with wg ;. The forms lejws, for j =1--- 8 are eze3 + eyes, €31, €162,
eseq, e1eq, eyes, eseq, ey, respectively. For j > 2; the forms leg,| are decomposable and hence
sz(tengll) = 0, whereas Pf;(1,,wg 1) = exezeqes.

We also note that t,,wg1 A tewsy = 0 for all j = 3,4,5, and te,wg 1 A le,tg1 = Lestgy N
lestig1 = le,g 1 VAN lestg1 = legWg 1 AN le;(Wg1 = legWg 1 A\ legtig 1 = le,W8 1 AN legg1 = 0. Using
these relations, we get

Pfy(1xws;1) = xieseseses + X1[xoeseseser + Xzeseserer + xaereseser + Xsereseres

=+ X¢ (62636768 + 64656768> + X7(62636866 + egesegeq + x8(62636667 + 64656667)]

+ xp(xgeze1e7es + xyesereses + Xgeze1eqey) + x3(Xge1e2e7es + Xzeiereses + Xge1e2e6e7)

+ x4(x6ese16768 + X7€5€1€8€6 + X5€5€1€667) + X5(X6C1€4€7€8 + X7€1€4€8€6 + X5E1€4€6€7) = O

Since the coefficient of e;ezeses above is x%, x1 = 0 is necessary for Pfy(ixwg1) = 0. Setting
x1 = 0 in the above equation, we get

Pfy(1xws 1) =0 = X2(Xse3e107€8 + X7€301€8¢6 + X3C3€186€7) + X3(X6C1€207€8
+ xye1ereges + Xgeexeqe7) + X4(Xgese1e7e8 + Xyeseieges + Xgese1eqer)

+ x5(xge1e4e7€8 1+ X7€1€46866 + Xg€1€466€7) = €1 N (X380 — X2€3

+ Xxseq — x4e5) A (xge7€8 + X7€8€6 + X8€67)-

Therefore,

Xi(ws1) = {x1=0}N[{xa=x3=2x4 = x5 =0} U{xs = x7 = x5 = 0}]
= P{es, e7,e3} UP{es, e3,e4, 5} ~ P> UP.

Next, we consider Pf(iywgp). The coefficients of exeseses + eresegey + eseseqey, e1eseqes,
e7e1eges are x% and x% and x% respectively, x; = x5 = x4 = 0 is necessary for Pf;(ixwgy) = 0. By
Setting x1, x5 and x¢ to zero, in the equation, we get
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Pfy(1xws2)x;=xs=x,=0 = €1 A (X3e2 — X2€3) A Xgeses.
Therefore,

Xi(wsp) = {x1=1x5=1x6=0}N[{xz =x3 =0} U{xg =0}]
= PP{ey e7,e5} UP{eyer} P{ey, e3,e4, 7} =~ P2 Up1 P3.

In Pf,(1xwsg 3), the coefficients of ezeseseq, ezeseres, eseiesep and egeqezes are x%, x3, x% and xé,
respectively. By setting x1, xp, x3 and x5 to zero, Pf,(1xwsg3) is reduced to ejep A (x4€3 + Xge5) A

(X8€7 — X768>.

Therefore, X1(wg3) = {x1 = xp =33 = x5 = 0} N[{xg = x6 = 0} U{xy = x5 = 0}] ~
P! UPL. Similar arguments apply to the case for X; (wg;) fori =4,...,6. O
We now compute the varieties X, (w) and their cardinalities.
Proposition 3. The varieties Xp(wg ;) and their cardinalities for1 < i < 6 are
wsi X5 (ws,i) | X2 (ws,i)|
ws1 IP® Ups IP* [PO] + || — [IP°]
ws P [IP°]
ws3 P> Ups P* Ups P4 IP°| 4 2|IP4| — 2|P|
W4 P> Ups IP° 2|P°| — [P
We4d P’ [P
wss | (P° Ups P* Ups P4) U (Fp)? | [IP°] + 2|IP*| — 2|IP3| + 4
Wss,d P [P°]
Ws,6 P° Ups IP* P°| + [P — [P
Proof. Let x = Z?Zl xjej. We have
5, 2 2
Pf3(1,w) = Z% x;Pf3 (1) + Z[xl- XjPhy(te,w) A (o) + xix (te,w) N Pho (1)) (3)
j= i<j

We calculate Pf5(ixwg ;) using the above formula (3), and set it equal to zero to determine the
varieties X, (wg ;). We begin with wg 1.
Forj>1, Pf3(lejw8,1) = 0 and Pfy(1e,wg1) = epezeses, we get

Pf3(lxw8,1) = x%x6€2€3€4€5€7€8 + x%X7€2€3€4€5€g€6 + x%xgeze3e4e5e6e7.

Since the coefficients of ejesesesereg and eresesesegeg and exezegeseqe7 above are x%x6 and x%x7

and x%xg, respectively, x; = 0 or x4 = x7 = xg = 0 is nececessary for Pf3(1ywg) = 0.
Therefore,

Xz(wgll) = {x1 = 0} U {x6 = X7 = Xg = O}
6 4
= IP{eZI €3, €4, 65,66, €7, 68} UP{62,63,E4,65} IP{ell €2, €3, €4, 65} ~ P U]P3 P=.
Next, we consider Pf3(ixwgy). The coefficient of eyezesesegey is xi’; moreover, x; divides

Pf3(ixws ). Therefore,
Xz(wg,z) = {x1 = O} >~ ]P6.
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For Pf3(ixws3), the coefficients of eseseseseres, eseseseesen, e€3eseseqerey, e3esezegeseq,
€36567€864€1, €7€8€4€1€6562 and e€7egepf1€e2€3 are X%XL x%x7, x%xg, x%xg,, x%x5, xzx% and XQJC% respec-
tively. Reducing x1xp, x1X7, x1x8, X2x3 and xx5 to zero is necessary for Pf3(1ywg3) = 0.

Therefore,

Xz(a)&g) = {x1 =Xy = O} U {xz = X7 = Xg = O} U {x1 = X3 = X5 = 0}
]13{63/ €4,65,6¢,€7, 68} U]P{€3,€4,€5,€6} l]?{elr €3,€4, 65, 66} U]P{e4,36,e7,es}]l—){627 €4, 66,67, 68}
~ IPS U]P3 IP4 U]P3 IP4.

Similar arguments apply to the case for X(ws ;) fori =4,...,6. O

Theorem 3. The weights of the nondegenerate forms wg, ..., ws s are

Wt(a)gll) — q15 + q13 + q12 + qll _ q8
Wt(a)glz) — q15 + q13 + q12 + qll

Wi’(w8,3) — q15 + q13 + q12 + qll + q10 _ q8
Wt(w8,4) — q15 + q13 + q12 + qll + q10 _ q9
Wt(w8,4,d) — q15 +q13 + q12 +q11 + q10 +q9
Wt(w8,5) — q15 + q13 + q12 + qll + q10 _ q8
Wt(w8,5,d) — q15 +q13 + q12 +q11 + q10 +q8
Wt(w8,6) — q15 + q13 +q12 + qll +q10_

Proof. We use the formula (1) with np(w) 4+ n1(w) = | X2(w)|, we get

| Xo (wsgi)| + ‘72|X1(w8,i)|>
1+q+4? '

Wt(wgli) :q15+q13+q12+q11+q10+q9+q8+q6_q6(

the quantities | X (wg;)| and | X»(wg ;)| have been computed in Proposition 2 and 3.

For wt(wg 1),

we have | X1 (wg1)| = ¢° +2¢%> +2q +2 and |Xa(wg1)| = |PO| + [P} — P3| = ¢° + ¢° +
2q* + g% + q% + g + 1, substituting these in the above equation we find

Wt(w&l) — q15+q13+q12+q11+q10+q9+q8+q6
q6(\11’6\+!1P4!—\ﬂ’3\+q2<q3+2q2+2q+2>

>:q15+q13+q12+q11_q8.

1+q+4?
Similarly for the weights wt(wsgy2),..., wt(wgg). O
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Koan I'paccmana — 11e AiHiVHI KOAM, TIOB's13aHi 3 MHOTOBMAOM FpaCCMaHa G(¢, m) {-BumipHOTO
HiAIIPOCTOPY y 1-BUMIpPHOMY BEeKTOpPHOMY mpoctopi IF7!. Ix BuBuas M. Horin arst AoBiAbHMX g. LTi
KOAM 3pyYHO ONMCATHU 332 AOTIOMOT OO BiATIOBiAHOCTI Ml)K HeBUPOAXeHNMN [11, k|; AiHiVHMMYI KOAAMM
3 OAHOTO 60Ky, i HeBUPOAKeHMMY [, k| IpOeKTUBHMMM crcTeMaM 3 iHIoro 60Ky. HesupoasxeHna
[n, k] mpoexTMBHA crcTeMa — Iie TPOCTO Habip 7 TOUOK y MPOEKTUBHOMY IIPOCTOPi PK=1, st 3a-
AOBOABHSIE YMOBY, IO XOAHA TillepIIAOLIVHA P*~1 me micTuTs 1 TOYOK, III0 PO3TASIAAIOTBCS. Y IIil1
po6oTi My BusHaumMMOo Bary AiHivHMX K0aiB C(3, 8), acowiitoBanux i3 MEOrosuaom I'paccmana G(3, 8)
HaA AOBIABHMM CKiHUeHHUM moaeM IFy. My BUKOPUCTOBYeMO (pOPMYAY AASI BarM KOAOBOTO CAOBA
C(3,8) y ceHci MOTY>KHOCTI IIEBHIX MHOTOBVAIB, IIOB’SI3aHIX 3 UepryBaHHSIM TPMAiHIHMX dpopM Ha
IFS. Arst m = 617, 3Byxenmii ciektp C(3,m) acouitoBanmit 3 G(3,m), 6yB HOBHICTIO BU3HAYEHVIT
B poborax K.B. Kaitrra, X.K. TTiaai i M. Horiza. Kaacudikatiist TpuBeKTOpiB icTOTHO 3aAeXUTb Bia
po3mipHOCTi 11 6a30Boro mpocropy. Aas n < 8 icHye TiABKM CKiHUeHHa KiABKICTB KAaciB TpuBe-
KTOpIB TiA Ai€fo 3araAbHOI AiHiNHOI rpymm GL(n). Metoan xoromoaorii [aaya MOXyTb 6yTy BUKO-
PUCTaHi AAST BUBHAUEHHST KAACiB HEBUPOAXKEHVX TPMBEKTOPIB, SIKi MOALASIIOTHCS Ha KiAbKa KAAaciB
npu nepexoai Bia F ao F. Llst mporpama uacrkoso BusHaueHa A. Hoyi i H. Miayre. Kaacudpikarrist
TPUAIHIHMX 3MIiHHMX POPM Ha BEKTOPHOMY TpPOCTOPi po3MipHOCTi 8 Haa ckiHueHHUM ToaeM IF,
XapaKTepUCTHK, BiAMIiHHMX Bia 2 i 3, 6yaa 3pobaena y poborax A. Hoyi i H. Miayse. Mu ommca-
an [Fy-popmut 2-cTymiHUACTMX TPUBEKTOPIB posiiernaenHs panry 8, ae char IF, # 3. Lleit dpaxT mu
BMKOPMCTOBYEMO AAsl BU3HaueHHs Baru IF;-popm.
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