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The main result states that the category of stationary fuzzy metric spaces (with respect
to an archimedean ¢-norm) and nonexpanding maps is isomorphic to a full subcategory of the
category of metric spaces and nonexpanding maps. The case of non-archimedean ¢-norms is
also discussed.

INTRODUCTION

The notion of fuzzy metric space is tightly connected with the notion of probabilistic
metric space. The latter is a generalization of the notion of metric space in which the
distances take their values in the class of distribution functions. The fuzzy metric spaces
found numerous applications, e.g., to the theory of image processing.

The theory of fuzzy metric spaces is developed in different directions. In particular,
many authors considered the problem of existence of fixed points in the fuzzy setting (see,
e.g. [3], [4]). Also, some functorial constructions in the categories of fuzzy metric spaces
were investigated.

There are two main theories of the fuzzy metric spaces. One of them is based on the
notion introduced by Kramosil and Michalek in [6]. Another class of fuzzy metric spaces,
more restrictive, is defined by George and Veeramani [2]. In this note we deal with a
subclass of the latter class, namely, with the so-called stationary fuzzy metric spaces. The
obtained results demonstrate that the stationary fuzzy metric spaces with respect to given
archimedean (and some non-archimedean) ¢t-norm are tightly connected with the ordinary
metric spaces.

In the last section we formulate some open problems related to the results of this note.
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1 PRELIMINARIES

A binary operation *: [0,1] x [0,1] — [0, 1] is called a continuous ¢t-norm if ([0, 1], %) is
an abelian topological monoid with the unit 1 such that axb < ¢xd whenever a*c and bxd
for all a,b,c,d € [0, 1].

In the sequel, we will consider the following examples of t-norms:

1. a*b=min{a,b};
2. axb=ab

3. a*b=max{a+b— 1,0} (Lukasiewicz t-norm);

ab

4. b= ——.
“x max{a, b, a}

A t-norm x is said to be archimedean provided for every z,y € (0,1) there exists n € N
such that z xxz x x--- %z <y (here * appears n — 1 times).

It is well-known (see, e.g. [7]) that any archimedean t-norm # can be represented by
means of a continuous additive generator, i.e. a continuous strictly decreasing function
t:[0,1] — [0, 00] with #(1) = 0 such that

rey = 10x) 1 ty), 7.y € 0,1]
(hereafter, t=Y(u) = t~}(min(u, t(0))) is the pseudoinverse of t).

Definition 1.1. A triplet (X, M, x) is a FM-space if X is an arbitrary set, * is a continuous t-
norm and M is a fuzzy set in X? x [0, 0o) satisfying the following conditions for all x,y,z € X
andt,s > 0:

(i) M(z,y) > 0;
(ii)) M(x,y,t) =1 for all t > 0 if and only if x = y;
(iii) M(x,y,t) = M(y,z,1);
(iv) M(z,y,t)* M(y,z,t) < M(x,z,t+s);
(v) M(x,y,—): [0,00) = [0,1] is continuous.

Let (X;, M;, %), i = 1,2, be fuzzy metric spaces. A map f: X; — X5 is called non-
expanding if M, (x,y,t) < Ms(f(z), f(y),t) for any x,y € X; and ¢t > 0. The fuzzy metric
spaces and non-expanding maps form a category, which we denote FMS(x).

If (X, M, ) is a fuzzy metric space, x € X, r € (0,1) and ¢ > 0, then the set

B(z,r,t)={ye X | M(z,y,t) >1—r}

is called the ball of radius r centered at x for t. It is known that the family of all balls is a
base of a metrizable topology for every fuzzy metric space X (see [2]).
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A fuzzy metric M is called stationary if the function M (z,y,—): [0,00) — [0,1] is
constant for every z,y € X. We write M(z,y) instead of M(z,y,t), and B(z,r) instead of
B(z,r,t) for any stationary fuzzy metric M. We denote by SFMS(x) the full subcategory
of the category F MS(x) whose objects are stationary fuzzy metric spaces.

We say that a metric space (X, d) is of strong diameter c if d(x,y) < ¢ for all x,y € X.

Theorem 1. Let (X, M) be a stationary fuzzy metric space with respect to an archimedean
t-norm *. Then the function d =t o M, where t is a continuous additive generator of M, is
a metric on X of strong diameter t(0). The topologies on X induced by M and d coincide.

Moreover, this construction determines a functor from the category SFMS(x) into the
category of metric spaces and nonexpanding maps.

Proof. Let xz,y,z € X.

If d(x,y) = 0, then, since t is strictly decreasing, M (z,y) = 1 and therefore x = y. Also
d(z,z) = t(M(z,y)) =t(1) = 0.

Clearly, d(z,y) = d(y, x).

Prove the triangle inequality. We have

M(x,y) * M(y, =) =tV (((M(2,y)) + t(M(y, 2))) =
£ (minft(M(x, ) + ((M(y, 2)), 0}) < M(x,2),

and therefore applying ¢ to both sides of the above inequality we obtain

d(z,y) +d(x,z) = t(M(z,y)) + t(M(y, z)) >min{t(M(x,y)) + t(M(y, 2)),0} >
t(M(z,z2)) =d(x, z).

Remark also that, since M (x,y) > 0, we obtain d(z,y) < t(0).

Let B4(x,r) = {y € X | d(z,y) < r}. From the fact that B4(x,r) = B(z,1 —t7!(r)) it
follows that the topologies generated by M and d coincide.

If (X;,M;), i = 1,2, are stationary fuzzy metric spaces and a map f: X; — Xy is
nonexpanding, then this map is easily seen to be nonexpanding with respect to the induced
metrics. [

Recall that an ultrametric d on a set X is a metric satisfying
d(x, 2) < max{d(z,y), d(y, 2)}, vy, € X.

Proposition 1.1. Let « = min. The category SFMS(x) is isomorphic to the category of
ultrametric spaces and nonexpanding maps.

Proof. Define d(x,y) = 1 — M(z,y). One can easily prove that d is an ultrametric on X.
Moreover, the topologies on X induced by d and M coincide. O]

Proposition 1.2. Let x = -. The category SFMS(x) is isomorphic to the category of
metric spaces and nonexpanding maps.
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Proof. Since t = —1In is clearly the continuous additive generator for the t-norm -, the
assertion follows from Theorem 1. m

Proposition 1.3. Let x be the Lukasiewicz t-norm. The category SFMS (%) is isomorphic
to the category of metric spaces of strong diameter 1 and nonexpanding maps.

Proof. 1t is known (and can be easily seen) that the function ¢ defined by the formula
t(z) = 1 —x is the continuous additive generator for the Lukasiewicz t-norm. Since ¢(0) = 1,
the assertion follows from Theorem 1. O]

2 K-ULTRAMETRIC SPACES

Let X be a set and K € [0,00]. A metric d on X is called a K-ultrametric if d(x,y) <
max{d(z, z),d(z,y)} whenever min{d(z, z),d(z,y)} < K.

Note that any 0-ultrametric is a metric and any oo-ultrametric is an ultrametric.

Below we describe a construction which allows us to produce examples of K-ultrametric
space. Let (X, o) be an ultrametric space and let ~j denote its decomposition into disjoint
closed balls of radius K. Denote by q: X — X/ ~ the quotient map. For any metric D on
X/ ~k, the function d: X x X — R defined by the formula d(x,y) = o(x,y) + D(q(x), q(y))
is a K-ultrametric on X. Indeed, if z,y,2 € X and o(z,z) < K, o(z,y) < K, then
q(z) = q(2) = q(y) and therefore

d(z,y) = o(z,y) + D(q(v),q(y)) <max{o(z,2),o(x,2)} + D(q(x),q(2)) + D(q(2),q(y)) <
max{o(z, z), o(y, 2)} = max{d(z, 2),d(y, 2) },

and, if, say, o(z,2) < K, o(z,y) > K, then ¢(x) = q(z)
d(z,y) = o(z,y) + D(q(x), q(y)) <max{o(z,2), o(y, 2)} + D(q(2), q(y)) =

o(y,z) + D(q(2),q(y)) = d(y, z) < max{d(z, z),d(y,2)}-
Theorem 2. Let a b = —2%— where a € (0,1). Then the category SFMS(*) is

max{a,b,a}’
isomorphic to the category of K-ultrametric spaces and nonexpanding maps.

and therefore

Proof. Let M be a stationary fuzzy metric. Define d: X x X — R by the formula d(z,y) =
—In M(x,y). Then, suppose that z,y,z € X and min{d(z,z),d(z,y)} > —Ina. Then
M(z,y) < e =q, M(y,2) < a and therefore

Mz, y)M(y, 2)

M(z,2z) > M(z,y) * M(y,z) = - ,

which in turn implies that d(z,y) + d(y, z) > d(z, z) + a > d(z, z).
We are going to prove that d is a K-ultrametric on X with K = —Ina. Suppose that
x,y,z € X and min{d(x, z),d(z,y)} < K. Then, say, M(z,y) > «, whence

M(z,y)M(y, z)
max{M (z,y), M(y, z),a} —

> min{M(z,y), M(y,2)},

M(z,z) >M(x,y) * M(y, z) =

Mz, y) My, 2) Mz, y)M(y, 2)
M(z,y)  ~max{M(z,y), M(y, 2)}
and therefore d(z,y) < max{d(x,y),d(x, z)}. The rest of the proof is left to the reader. [
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By exp X we denote the hyperspace of a topological space X, i.e. the family of nonempty
closed subsets in X. It is known [8] that every fuzzy metric M on X generates a fuzzy metric
My on exp X (the fuzzy Hausdorff metric) as follows:

a€A

Mg (A, B,t) = min {inf M(a,B,t),gng M(A,b, t)}
€

for every A, B € expX and t > 0. Here M(a, B,t) = sup{M(a,b,t) | b € B}, a € X,
B ecexpX.

Corollary 2.1. The hyperspace of any K-ultrametric space is again a K-ultrametric space.

Proof. The result follows from the previous theorem and from the fact that for any stationary
fuzzy metric space the fuzzy Hausdorff stationary metric is again a stationary fuzzy metric.
O

3 REMARKS

Let (X;, M;,*), i = 1,2, be fuzzy metric spaces. A map f: X; — X, is called a con-
traction it My(z,y,t) < Ms(f(z), f(y),t) for any xz,y € X; and ¢ > 0. The results of the
previous sections can be also formulated for the category of (stationary fuzzy) metric spaces
and contractions.

For any k € (0,1) a map f: X — X of a fuzzy metric space (X, M, x) is called a
k-contraction if

1 1
M@ fo " (M<:c,y,t> N 1>

for every xz,y € X. A metric analogue of this notion is unknown.

It is known (see, e.g., [1]) that for any continuous t-norm = there exists a unique (finite
or countable) index set A, unique pairwise disjoint intervals (aq,e,) C [0,1], and unique
continuous archimedean t-norms %, such that

Ao + (€0 — o) (M x,, Y% ) , if (z,y) € (aa, €q),

ea—0a & ea—aa

THkY =
min{z, y}, otherwise.
The above results lead us to the following question. Is there a category of metric spaces
which is isomorphic to the category SFMS(*)?

In the theory of metric spaces, one of the most important roles is played by the Urysohn
universal metric spaces [10]. Recall that a metric space (U, d) is called Urysohn universal if
U is separable and complete and has the following property: given any finite metric space X,
any point « € X, and any isometric embedding f: X \ {z} — U, there exists an isometric
embedding F': X — U that extends f. The classical Urysohn theorem asserts that an
Urysohn universal metric space exists and is unique up to isometry.

A counterpart of the notion of universal Urysohn metric space in the class of ultrametric
spaces is discussed in [9]. Also, there are Urysohn universal spaces for the class of metric
spaces of diameter < 1 (see, e.g., [5]).

This allows us to formulate the following problem. Is there a counterpart of the universal
Urysohn space for (some subclasses of) the class of separable fuzzy metric spaces?
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Casuenko O. 3aysasicenns npo cmayionaphi poamumi mempuuni npocmopu // Kaprnarceki
martemarnyui mybaikarii. — 2011. — T.3, Nel. — C. 124-129.

JloBenieHo, M0 KaTeropis CTAIiOHAPDHUX PO3MUTHX METPUYHUX MPOCTOPIB (BIAHOCHO apxi-
MeJIOBOI -HOpMH) 1 HEpPO3TATYIOYNX BimoOpaxkeHb i3omopdHa moBHiil nizkareropii Kareropil
METPUYIHHUX [IPOCTOPIB 1 HEPO3TATYIOUNX BifoOparkeHb. PO3IVIAHYTO TAaKOXK BHUIAJOK HeapXi-
MEJIOBOI {~-HOPMH.

Capuenko A. Bameuarue 0 CMAYUOHAPHHIT HEYEMKUL Mempuneckur npocmpancmear /| Kap-
narckre Maremarudeckue nyosmkanuu. — 2011, — T.3, Nel. — C. 124-129.

JlokazaHo, 4TO KaTeropusi CTAIMOHAPHBIX HEYETKUX METPHYECKUX [IPOCTOPAHCTB (10 OTHO-
HIEHUIO K aPXUMEIOBO# {-HOpME) M HEePACTATMBAIONIUX O0TOOpazKkeHuii n3oMopdHa MOJTHON MOJI-
KATeroOpuu KaTeropuy METPUIECKUX TPOCTPAHCTB U HEPACTATUBAIONINX OoToOpakenuii. Paccmo-
TPEHO TaKXKe CJIydail HeapXUMeJIOBON {-HOPMBIL.



