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THE NONLOCAL BOUNDARY VALUE PROBLEM WITH PERTURBATIONS OF

MIXED BOUNDARY CONDITIONS FOR AN ELLIPTIC EQUATION WITH

CONSTANT COEFFICIENTS. II

In this paper we continue to investigate the properties of the problem with nonlocal conditions,

which are multipoint perturbations of mixed boundary conditions, started in the first part. In par-

ticular, we construct a generalized transform operator, which maps the solutions of the self-adjoint

boundary-value problem with mixed boundary conditions to the solutions of the investigated mul-

tipoint problem. The system of root functions V(L) of operator L for multipoint problem is con-

structed. The conditions under which the system V(L) is complete and minimal, and the conditions

under which it is the Riesz basis are determined. In the case of an elliptic equation the conditions of

existence and uniqueness of the solution for the problem are established.
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1 INTRODUCTION AND MAIN RESULTS

In the papers [1–5] by the methods of the theory of transformation operators (see [12]),

we studied nonself-adjoint problems with a multipoint spectrum and an infinite number of

root functions (see [10]). In the one-dimensional case such problems are generated by regular

but not strongly regular Birkhoff conditions (see [11]). For equations containing involution,

multipoint problems were studied in the works [5–7]. In this paper we continue the study of

the problem for an elliptic equations with constant coefficients with mixed conditions initiated

in [1, 7, 8].

For our investigation we will use the following notations. Let G := {x := (x1, x2) ∈ R
2 :

0 < x1, x2 < 1}, D1, D2 be the operators of differentiation by the variables x1, x2 respectively,

W2n
2 (G) be a Sobolev space with the following scalar product and norm respectively:

(u; v)W2n
2 (G) := (u; v)L2(G) + (D2n

1 u; D2n
1 v)L2(G) + (D2n

2 u; D2n
2 v)L2(G),

‖u‖2
W2n

2 (G)
:= (u; u)W2n

2 (G),

W2n
2 (0, 1) := {y ∈ AC[0, 1] : y(r) ∈ C[0, 1], r = 1, 2, . . . , 2n − 1, y(2n) ∈ L2(0, 1)},

Ls,2(0, 1) := {y(t) ∈ L2(0, 1) : y(t) = (−1)sy(1 − t)}, s ∈ {0, 1},
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[L2(0, 1)] be a set of linear and continuous operators given in the space L2(0, 1).

Let us consider the multipoint problem

L(D)u :=
n

∑
p=0

apD
2p
1 D

2n−2p
2 u = f (x), x ∈ G, (1)











































ℓs,1u := D2s−2
1 u|x1=0 + D2s−2

1 u|x1=1 + ℓ1
s u = 0, s = 1, 2, . . . , n,

ℓn+s,1u := D2s−2
1 u|x1=0 − D2s−2

1 u|x1=1 = 0, s = 1, 2, . . . , n,

ℓs,2u := D2s−2
2 u|x2=0 + D2s−2

2 u|x2=1 = 0, s = 1, 2, . . . , n,

ℓn+s,2u := D2s−1
2 u|x2=0 + D2s−1

2 u|x2=1 + ℓ2
s u = 0, s = 1, 2, . . . , n,

ℓ
j
su :=

ks,j

∑
q=0

k j

∑
r=0

bq,r,s,jD
q
j u(x)|xj=xr,j

, s = 1, 2, . . . , n,

(2)

where 0 = x1,j < x2,j < . . . < xk j,j = 1, ap, bq,r,s,j ∈ R, ks,j < 2n, k ∈ N, s = 1, 2, . . . , n,

p = 0, 1, . . . , n, j = 1, 2.

Let L : L2(G) → L2(G) be the operator of the problem (1)–(2), Lu := L(D)u, u ∈ D(L),

D(L) := {u ∈ W2n
2 (G) : ℓs,ju = 0, s = 1, 2, . . . , 2n, j = 1, 2}.

Let us consider the following assumptions and theorems, that are necessary for further

investigation.

Assumption P1 : bq,r,s,j =(−1)q+jbq,k j−r,s,j, xr,j = 1− xk j−r,j, q = 0, 1, . . . , ks,j, r = 0, 1, . . . , kj,

s = 1, 2, . . . , n, j = 1, 2.

Assumption P2 : there exists a positive number C1 such that the inequality

C1|µ|2n ≤
∣

∣

∣

∣

∣

n

∑
p=0

apµ
p
1 µ

n−p
2

∣

∣

∣

∣

∣

holds for µ := (µ1, µ2) ∈ R
2, |µ|2 := |µ1|2 + |µ2|2 → ∞.

Assumption P3 : ks,1 ≤ 2s − 2, ks,2 ≤ 2s − 1, s = 1, 2, . . . , n.

Theorem 1. Let Assumption P1 holds. Then, the operator L has a set of eigenvalues

σ :=
{

λk,m=(−1)n
n

∑
p=0

apµ
p
k,1µ

n−p
m,2 , µk,1=π2k2, µm,2=π2(2m − 1)2, k, m∈N

}

, (3)

and a system V (L) of root functions, which is complete and minimal in the space L2(G).

Let Assumptions P1–P3 hold. Then, the operator L has the system V (L) , which is the Riesz

basis of the space L2(G).

Theorem 2. Let Assumptions P1–P3 hold. Then for an arbitrary function f ∈ L2(G) there exists

a unique solution u ∈ W2n
2 (G) of problem (1)–(2).

Our research is structured as follows. In Section 2 we investigate the properties of the

problem with self-adjoint boundary conditions. In Section 3 we study the spectral properties

for nonlocal problem with nonself-adjoint boundary conditions. In Section 4 we construct

a commutative group of transformation operators. Using spectral properties of multipoint

problem and conditions for completeness the basis properties of the systems of eigenfunctions

are established in Section 5. In Section 6 the main theorems are proved.
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2 THE SELF-AJOINT PROBLEM

Let us consider for equation

−z(2) (t) = µz(t), t ∈ (0, 1) , µ ∈ C, (4)

the problem with boundary conditions

z(r) (0) + z(r)(1) = 0, r = 0, 1. (5)

Let B0 : L2(0, 1) → L2(0, 1) be the operator of problem (4)–(5):

B0z (t) := −z(2) (t) , z(t) ∈ D (B0) ,

D (B0) :=
{

z ∈ W2
2 (0, 1) : z(r)(0) + z(r)(1) = 0, r = 0, 1

}

,

T2 :=
{

τr,m,2(t) ∈ L2(0, 1) : τ0,m,2(t) :=
√

2 sin π(2m − 1)t,

τ1,m,2(t) :=
√

2 cos π(2m − 1)t, m ∈ N, r = 0, 1
}

,

Tj,2 := {τj,m,2(t) ∈ Lj,2(0, 1) : m ∈ N}, j = 0, 1.

Lemma 1. The operator B0 has a point spectrum

σ (B0) := {µm,2 ∈ R : µm,2 = π2(2m − 1)2, m ∈ N}

and system of eigenfunctions T2.

Proof. A direct substitution proves that the elements of system T2 are the eigenfunctions of

operator B0, which correspond to the eigenvalues σ(B0).

Taking into account, that the subsystem of eigenfunctions Tj,2 of the operator B0 is an or-

thonormal base of space Lj,2(0, 1), j = 0, 1, we obtain the statement of lemma.

We consider the spectral problem

L(D)u :=
n

∑
p=0

apD
2p
1 D

2n−2p
2 u = λu(x), x ∈ G, λ ∈ C, (6)























ℓ0,s,1u := D2s−2
1 u|x1=0 + D2s−2

1 u|x1=1 = 0,

ℓ0,n+s,1u := D2s−2
1 u|x1=0 − D2s−2

1 u|x1=1 = 0,

ℓ0,s,2u := D2s−2
2 u|x2=0 + D2s−2

2 u|x2=1 = 0,

ℓ0,n+s,2u := D2s−1
2 u|x2=0 + D2s−1

2 u|x2=1 = 0, s = 1, 2, . . . , n.

(7)

Let L0 : L2(G) → L2(G) be the operator of the problem (6)–(7):

L0u := L(D)u, u ∈ D(L0), D (L0) :=
{

u ∈ W2n
2 (G) : ℓ0,r,ju = 0, r = 1, 2, . . . , 2n, j = 1, 2

}

,

T1 :=
{

τs,k,1(x1) ∈ L2(0, 1) : τs,k,1(x1) :=
√

2 sin π(2k − s)x1, k = 1, 2, . . . , s = 0, 1
}

,

V(L0) :=
{

vr,s,k,m(x, L0)∈ L2(G) : vr,s,k,m(x, L0) :=τr,k,1(x1)τs,m,2(x2), r, s = 0, 1, m, k=1, 2, . . .
}

.
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Lemma 2. The operator L0 has eigenvalues (3) and a system of eigenfunctions V(L0).

Proof. By direct substitution we obtain that vr,s,k,m(x, L0) ∈ D (L0) and

L0vr,s,k,m(x, L0) = λk,mvr,s,k,m(x, L0),

λk,m = (−1)nπ2n
n

∑
p=0

apk2p(2m − 1)2n−2p, k, m ∈ N.

Therefore, the set of eigenvalues (3) for the operator L0 corresponds the system of eigenfunc-

tions V(L0).

Theorem 3. Let Assumption P2 holds. Then for any function f ∈ L2(G) there exists a unique

solution u ∈ W2n
2 (G) of the problem (6)–(7).

Proof. Let us expand the functions f , u ∈ L2(G) as a series by the system V(L0):

f = ∑
r,s,k,m

fr,s,k,mvr,s,k,m(x, L0),

u = ∑
r,s,k,m

ur,s,k,mvr,s,k,m(x, L0).

Substituting these functions into the equation (1), we obtain

ur,s,k,m = λ−1
k,m fr,s,k,m, r, s ∈ {0, 1}, k, m ∈ N.

Consider the ratio

D
2p
1 D

2n−2p
2 u = (−1)n ∑

r,s,k,m

µ
p
k,1µ

n−p
m,2 λ−1

k,m fr,s,k,mvr,s,k,m(x, L0), p = 0, 1, . . . , n.

Taking into account Assumption P2 for some C2 > 0, we obtain

|µp
k,1µ

n−p
m,2 λ−1

k,m| ≤ C2, p = 0, 1, . . . , n,

‖D
2p
1 D

2n−2p
2 u‖L2(G) ≤ C2‖ f‖L2(G), p = 0, 1, . . . , n,

‖u‖L2(G) ≤ C2‖ f‖L2(G).

Therefore, u ∈ W2n
2 (G). Theorem is proved.

For fixed k ∈ N, s ∈ {0, 1}, we consider the solutions of the problem (6)–(7) as a product

u(x) := z (x2) τs,k,1 (x1) . (8)

To determine the unknown function z(x2) we obtain the following eigenvalues problem

n

∑
p=0

(−1)papµ
p
k,1z(2n−2p)(x2) = λz(x2), x2 ∈ (0, 1), λ ∈ C, (9)

{

l0,s,2z := z(2s−2)(0) + z(2s−2)(1) = 0,

l0,n+s,2z := z(2s−1)(0) + z(2s−1)(1) = 0, s = 1, 2, . . . , n.
(10)
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Let L0,k : L2(0, 1) → L2(0, 1) be the operator of the problem (9)–(10)

L0,kz :=
n

∑
p=0

(−1)papµ
p
k,1z(2n−2p)(x2), z ∈ D (L0,k) ,

D (L0,k) := {z ∈ W2n
2 (0, 1) : l0,r,2z = 0, r = 1, 2, . . . , 2n}.

The roots ̟r,k (λ) of the equation

n

∑
p=0

(−1)pap̟2n−2pµ
p
k,1 = λ,

which is characteristic for equation (9), are chosen so that

Re ̟n,k (λ) ≤ Re ̟n−1,k (λ) ≤ . . . ≤ Re ̟1,k (λ) ≤ 0, ̟n+q,k (λ) = −̟n,k (λ) , q = 1, 2, . . . , n.

Let us determine the functions

{

z0,q,k (x2, λ) := 1
2(exp ̟q,k (λ) x2 + exp ̟q,k (λ) (1 − x2)) ∈ L0,2(0, 1), q = 1, . . . , n,

z0,n+q,k (x2, λ) := 1
2(exp ̟q,k (λ) x2−exp ̟q,k (λ) (1 − x2))∈ L1,2(0, 1), q = 1, . . . , n.

(11)

Substituting the general solution

z(x2) =
2n

∑
r=1

crz0,r,k (x2, λ)

of the equation (9) into boundary conditions (10), we obtain the equation to determine the

eigenvalues for L0,k

∆(λ, k) = det(l0,s,2z0,r,k (x2, λ))2n
r,s=1 = 0.

Taking into account the ratio z0,pn+q,k (x2, λ) ∈ Lp,2(0, 1), l0,pn+j,2 ∈ W∗
p , p ∈ {0, 1}, we obtain

l0,n+j,2z0,q,k (x2, λ) = 0, j, q = 1, 2, . . . , n,

l0,j,2z0,n+q,k (x2, λ) = 0, j, q = 1, 2, . . . , n,

∆(λ, k) = ∆0(λ, k)∆1(λ, k),

∆p(λ, k) = det(l0,pn+j,2z0,pn+q,k (x2, λ))n
j,q=1, p = 0, 1,

∆(λ, k) =
n

∏
q=1

̟q(λ)(1 + e̟q(λ))2 ∏
1≤j<q≤n

(̟j (λ)− ̟q (λ))
2 = 0. (12)

Let ̟1,m,k = ıπ(2m − 1), ı :=
√
−1 are the roots of equation (12) and ̟q,m,k = ̟q(λm,k),

q = 2, 3, . . . , n, m = 1, 2, . . . . By direct calculations we obtain that the operator L0,k has the

system of eigenfunctions

V(L0,k) := {vs,m(x2, L0,k) ∈ L2(0, 1) : vs,m(x2, L0,k) := τs,m,2(x2), s = 0, 1, m = 1, 2, . . .}

and the set of eigenvalues σk :=
{

λk,m ∈ σ : m ∈ N

}

.
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3 THE NONSELF-AJOINT PROBLEM

Let us consider the spectral problem















−z(2) (t) = µz(t), µ ∈ C, t ∈ (0, 1),

l1z := z(0) + z(1) = 0,

l2z := z(1) (0) + z(1)(1) + l1
2z = 0,

(13)

where

l1
2z := b

(

z(1)(0)− z(1)(1)
)

, b ∈ R. (14)

Let B : L2(0, 1) → L2(0, 1) be the operator of the problem (13)–(14) and V(B) the system of

root functions for operator B.

Taking into account the results of the papers [1, 2], we define eigenfunctions and attach

functions of the operators B by formulas

v1,m(t, B) = τ1,m,2(t),

v0,m(t, B) =
(

1 + b(2t − 1)
)

τ0,m,2(t), m = 1, 2, . . . .

Therefore, the operator B has the system V(B) of root functions, which are related by ratio

Bv0,m(t, B) = µm,2v0,m(t, B) + ξmv1,m(t, B),

where ξm = 4bπ(2m − 1), m = 1, 2, . . . .

Taking into account the results of the paper [2], we obtain the following statement.

Lemma 3. The operator B has the point spectrum σ(B0) and the system of root functions V(B),

which is the Riesz basis of the space L2(0, 1).

We consider the solutions of the spectral problem (6), (2) as a product (8). To determine

the unknown function z(x2) we obtain for the equation (9) the eigenvalues problem with the

conditions

{

ls,2z := z(2s−2)(0) + z(2s−2)(1) = 0,

ln+s,2z := z(2s−1)(0) + z(2s−1)(1) + ln+sz = 0, s = 1, 2, . . . , n,
(15)

where

ln+sz :=
ks,2

∑
q=0

k2

∑
r=0

bq,r,s,2z(q)(xr,2), s = 1, 2, . . . , n. (16)

Let Lk be the operator of the problem (9), (15)–(16):

Lkz :=
n

∑
p=0

(−1)papµ
p
k,1z(2n−2p)(x2), z ∈ D (Lk) ,

D (Lk) := {z ∈ W2n
2 (0, 1) : lr,2z = 0, r = 1, 2, . . . , 2n}.
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Lemma 4. Let Assumption P1 holds. Then the eigenvalues of the operators L0,k and Lk coincide.

Proof. Substituting the general solution (11) of the equation (9) into boundary conditions (10),

we obtain the equation to determine the eigenvalues of the operator Lk

∆1(λ, k) = det(ls,2z0,p,k (x2, λ))2n
p,s=1 = 0.

Taking into account the relations

z0,rn+q,k (x2, λ) ∈ Lr,2(0, 1), ℓ0,sn+j,2 ∈ W∗
s , l1

n+j ∈ W∗
0 , s, r ∈ {0, 1}, j ∈ {1, 2, . . . , n},

we obtain

lj,2z0,q,k (x2, λ) = ̟
2j−2
q (λ)(1 + e̟q(λ)),

ln+j,2z0,n+q,k (x2, λ) = ̟q(λ)
2j−1(1 + e̟q(λ)),

lj,2z0,n+q,k (x2, λ) = l0,j,2z0,n+q,k (x2, λ) = 0,

ln+j,2z0,n+q,k(x2, λ) = l0,n+j,2z0,n+q,k (x2, λ) ,

lj,2z0,q,k(x2, λ) = lj,2,2z0,q,k(x2, λ), q = 1, 2, . . . , n,

∆(λ, k) = ∆0(λ, k)∆1(λ, k),

∆s(λ, k) = det(l0,sn+j,2z0,sn+q,k (x2, λ))n
j,q=1, s = 0, 1,

and

∆1(λ, k) =
n

∏
q=1

̟q(λ)(1 + e̟q(λ))2 ∏
1≤j<q≤n

(̟j (λ)− ̟q (λ))
2 = 0.

Therefore ∆1(λ, k) ≡ ∆(λ, k). The lemma is proved.

Let us consider the boundary-value problem for the equation (9)















l1,s,2z := z(2s−2)(0) + z(2s−2)(1) = 0, s = 1, 2, . . . , n,

l1,n+s,2z := z(2s−1)(0) + z(2s−1)(1) = 0, j 6= s, s = 1, 2, . . . , n,

l1,n+j,2z := z(2j−1)(0) + z(2j−1)(1) + ℓ1
n+jz = 0,

(17)

where

l1
n+jz := bj(z

(2j−1)(0)− z(2j−1)(1)) = 0, bj ∈ R. (18)

Let L1,j,k : L2(0, 1) → L2(0, 1) be the operator of the problem (9), (17)–(18)

L1,j,kz :=
n

∑
p=0

(−1)papµ
p
k,1z(2n−2p)(x2), z ∈ D

(

L1,j,k

)

,

D
(

L1,j,k

)

:=
{

z ∈ W2n
2 (0, 1) : l1,r,2z = 0, r = 1, 2, . . . , 2n

}

.

We determine the system of functions

zn+1,m,k(x2) :=
1

2
(1 − 2x2) sin ρm,2x2, (19)

zn+q,m,k(x2) :=
1

2
(1 + e̟q,m,k)−1(e̟q,m,kx2 − e̟q,m,k(1−x2)), q = 2, 3, . . . , n, (20)
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and a square matrix of order n, whose elements are defined as follows. j-th row is determined

by the functions (19), (20) and elements of other rows are determined by numbers

ϑ1,r,m,k = ρ1−2r
m,2 l1,n+r,2zn+1,m,k(x2) = (−1)r−1,

ϑq,r,m,k = ρ1−2r
m,2 l1,n+r,2zn+q,m,k(x2) = ̟2r−1

q,m,k,

where q = 2, 3, . . . , n, r 6= j, r = 1, 2, . . . , n.

We denote the determinant of the resulting matrix by zj,m,k(x2), m = 1, 2, . . . .

Let ∆j,q,m,k := det(ϑs,r,m,k)
r 6=j, s 6=q

r,s=1,n
. Then zj,m,k(x2) =

n

∑
q=1

∆j,q,m,kzn+q,m,k(x2).

Remark 1. For any fixed k ∈ N and m → ∞ we obtain the relations

δ1,r,m,k = ϑ1,r,m,kρ−1
m,2 = ı, δq,r,m,k = ϑq,r,m,kρ−1

m,2 = εq

(

1 + O(m)−1
)

,

where εq are the roots of equation (−1)nε2n = 1, Im εq < 0, q = 2, 3, . . . , n.

Substituting the function zj,m,k(x2) into boundary conditions (17)–(18), we obtain the equal-

ities

l1,s,2zj,m,k = 0, s 6= n + j, s = 1, 2, . . . , 2n, m = 1, 2, . . . ,

l1,n+j,2zj,m,k(x2) := cj,m,k,

cj,m,k = ρ
2j−1
m,2 Zm,k

n

∏
q=1

̟q,m,k, m = 1, 2, . . . ,

where Zm,k is the Vandermonde determinant of order n, which is constructed by numbers

δ2
q,r,m,k, q = 1, 2, . . . , n.

Remark 2. For an arbitrary k ∈ N the number sequence {Zm,k}∞
m=1 as m → ∞ converges to the

Vandermonde determinant Zn
(

ε2
1, . . . , ε2

n

)

, which is constructed by numbers ε2
1, . . . , ε2

n.

In addition, the sequence {δq,r,m,k}∞
m=1 converges to εq, q = 1, 2, . . . , n.

Thus, there are positive numbers C3, C4 such that the following inequality holds

0 < C3 ≤
∣

∣cj,m,k

∣

∣

−1
ρ

2j−1
m,2 ≤ C4 < ∞, j ∈ {1, 2, . . . , n}, m = 1, 2, . . . . (21)

We determine the function z1,j,m,k(x2) such that the following inequality holds

z1,j,m,k(x2) = zn+1,m,k(x2) +
n

∑
q=2

∆−1
j,1,m,k∆j,q,m,kzn+q,m,k (x2) .

Therefore,

z1,j,m,k(x2) = ∆−1
j,1,m,kzj,m,k(x2), (22)

ℓ1,n+jz1,j,m,k(x2) := χj,m,k, χj,m,k = ∆−1
j,1,m,kZm,kρ

2j−1
m,2

n

∏
q=1

̟q,m,k, m = 1, 2, . . . .

By substituting into boundary conditions (17)–(18) we conclude that the operator L1,j,k has

eigenfunctions

v1,m(x2, L1,j,k) := τ1,m,2(x2), m = 1, 2, . . . . (23)
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The root function v0,m

(

x2, L1,j,k

)

of operator L1,j,k is determined by the sum

v0,m(x2, L1,j,k) := τ0,m,2(x2) + ηj,m,kz1,j,m,k(x2), m = 1, 2, . . . . (24)

To determine the unknown parameters ηj,m,k we substitute the expression (24) into boundary

conditions (17)–(18).

Taking into account the formula (22), we obtain

ηj,m,k = −l1
n+jτ0,m,2(l1,n+j,2z1,j,m,k)

−1, m = 1, 2, . . . .

From the definition of the determinant ∆j,1,m,k we have inequality |∆−1
j,1,m,k| ≤ C5.

Therefore, taking into account the inequality |l1
n+jτ0,m,2| ≤ C6bjρ

2j−1
m,2 and the estimates (21),

we obtain the relations

|ηj,m,k| ≤ C7, j ∈ {1, 2, . . . , n}, m ∈ N. (25)

Thus, the operator L1,j,k has the system of root functions (23)–(24).

Let us consider the operator Bj,k : L2(0, 1) → L2(0, 1), which has a point spectrum σ(B0)

and the system of root functions

V(Bj,k) :=
{

vr,m(x2, Bj,k) ∈ L2(0, 1) : v1,m(x2, Bj,k) := τ1,m,2(x2),

v0,m(x2, Bj,k) :=
(

1 + ηj,m,k(2x2 − 1)
)

τ0,m,2(x2), m = 1, 2, . . .
}

.

Lemma 5. The system of functions V(Bj,k) is the Riesz basis in the space L2(0, 1).

Proof. From the inequality (25) we obtain that the system V(Bj,k) is Bessel (see [10]). Therefore,

the operator R(Bj,k)τr,m,2(x2) := vr,m(x2, Bj,k), r = 0, 1, m = 1, 2, . . . , is continuous in L2(0, 1).

In addition, the operator S(Bj,k) := R(Bj,k)− E is continuous in the space L2(0, 1).

Taking into account the definition of functions in V(Bj,k) we obtain

S(Bj,k) : L1,2(0, 1) → 0, S(Bj,k) : L0,2(0, 1) → L1,2(0, 1).

Thus, S2(Bj,k) and R−1(Bj,k) := E − R(Bj,k) ∈ [L2(0, 1)].

Therefore, from the Bari theorem (see [10]) the system V(Bj,k) is the Riesz basis in the space

L2(0, 1).

Lemma 6. Let Assumption P1 holds. Then the operator L1,j,k has the system of root functions

V
(

L1,j,k

)

, which is the Riesz basis in the space L2(0, 1).

Proof. The system of functions V(L1,j,k) is complete and minimal in space L2(0, 1) because the

boundary conditions (17)–(18) are regular by Birkhoff (see [11]).

We show that the systems of functions V(Bj,k) and V(L1,j,k) are quadratically approximate

in space L2(0, 1).

Let us estimate the sum of the series

H(L1,j,k; Bj,k) = ∑
s,m

‖vs,m(x2, L1,j,k)− vs,m(x2, Bj,k)‖2
L2(0,1)

=
∞

∑
m=1

‖v0,m(x2, L1,j,k)− v0,m(x2, Bj,k)‖2
L2(0,1),

H(L1,j,k, Bj,k) ≤ max |ηj,m,k|2|∆−2
j,1,m,k|∑

m

n

∑
q=2

|∆j,q,m,k|2‖z1,q,m,k(x2)‖2
L2(0,1).
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Taking into account the choice of numbers ̟r,m,k, we obtain the estimate

H(L1,j,k, Bj,k) < ∞.

Therefore, the complete and minimal system V(L1,j,k) ∈ L2(0, 1) is quadratically approxi-

mate to Riesz basis V(B1,k).

Thus, applying the Bari theorem (see [10]), we obtain the statement of Lemma 6.

4 TRANSFORMATION OPERATORS

Let us determine

z2,j,m,k(x2) := ηj,m,kz1,j,m,k(x2), m = 1, 2, . . . .

By choosing of arbitrary sequence of real numbers θ = {θm}∞
m=1 we define the operator

Bj,θ : L2(0, 1) → L2(0, 1), which is generated by the differential expression

n

∑
p=0

(−1)papµ
p
k,1z(2n−2p)(x2)

and has the system V(Bj,θ) :=
{

vs,m(x2, Bj,θ) ∈ L2(0, 1) : s = 0, 1, m = 1, 2, . . .
}

of functions

v1,m(x2, Bj,θ) := τ1,m,2(x2),

v0,m(x2, Bj,θ) := τ0,m,2(x2) + θmz2,j,m,k(x2), m = 1, 2, . . . ,
(26)

which are root functions in the sense of equalities

Bj,θv1,m(x2, Bj,θ) = λk,mv1,m(x2, Bj,θ), m = 1, 2, . . . , (27)

Bj,θv0,m(x2, Bj,θ) = λk,mv0,m(x2, Bj,θ) + ξ j,k,mv1,m(x2, Bj,θ), (28)

where ξ j,k,m = (−1)n4nηj,m,kθm

n

∑
p=0

apC
2n−2p
2n µ

p
k,1ρ

2n−2p−1
m,2 , m = 1, 2, . . . , and has the set of

eigenvalues σk.

Let us consider the operators R(Bj,θ), which are defined in the space L2(0, 1) by

R(Bj,θ) := E + S(Bj,θ),

S(Bj,θ)τ1,m,2(x2) := 0, S(Bj,θ)τ0,m,2(x2) := θmz2,j,m,k(x2), m = 1, 2, . . . .

Let Qj(L0,k) be the set of operators Bj,θ, which have purely point spectrum σk and the system

of root functions (26), Γj(L0,k) be the set of operators R(Bj,θ).

For any Bj,θ1
, Bj,θ2

∈ Γj(L0,k), we define on Γj(L0,k) the commutative multiplication opera-

tion

R(Bj,θ1
)R(Bj,θ2

) = E + S(Bj,θ1
) + S(Bj,θ2

) = R(Bj,θ2
)R(Bj,Θ1

)

and the inverse operator R−1(Bj,θ) = E − S(Bj,θ), Bj,θ ∈ Γ1(L0,k).

Therefore, Γj(L0,k) is the Abelian group, which contains a subgroup Γj(L0,k) ∩ [L2(0, 1)].
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Lemma 7. For any sequence {θm}∞
m=1 ⊂ R the system of functions V(Bj,θ) is complete and

minimal in L2(0, 1).

Proof. We prove on the contrary that the system of functions V(Bj,θ) is total (complete) in the

space L2(0, 1).

Let us suppose that there exists a function h = h0 + h1, hs ∈ Ls,2(0, 1) that is orthogonal to

all elements of the system V(Bj,θ). Taking into account, that the system T1,2 is the orthonormal

basis of space L1,2(0, 1), we obtain h1 ≡ 0.

Therefore h ∈ L0,2(0, 1). Assuming the orthogonality of the function h to the elements of

the system V(Bj,θ), we have equality

(

h, v0,m(x2, Bj,θ)
)

L2(0,1)
=

(

h, τ0,m,2

)

L2(0,1)
= 0, m = 1, 2, . . . .

Taking into account that the system T0,2 is the orthonormal basis of L0,2(0, 1), we obtain h ≡ 0.

Let us prove the minimality of the system V(Bj,θ). We determine the set of functions

L2,θ(0, 1) :=
{

h =
1

∑
r=0

∞

∑
m=1

hr,mτr,m,2(x2) ∈ L2(0, 1) :
1

∑
r=0

∞

∑
m=1

h2
r,mθ2

m,0 < ∞
}

,

where θm,0 := 1, in the case θm = 0, θm,0 = θm, if θm 6= 0, m = 1, 2, . . . .

The set L2,θ(0, 1) is a Hilbert space with respect to the scalar product

(h; g)L2,θ (0,1) :=
1

∑
r=0

∞

∑
m=1

θ2
m,0hr,mgr,m.

Let us consider the relations

v0,m(x2, Bj,θ) = R(Bj,θ)τ0,m,2(x2) = (1 − θm)τ0,m,2(x2) + θmv0,m(x2, L1,j,k),

(h; R(Bj,θ)τ0,m,2)
2
L2(0,1) ≤ 4(1 + θ2

m)(h; τ0,m,2)
2
L2(0,1) + 2θ2

m(h; v0,m(x2, L1,j,k))
2
L2(0,1),

(h; v0,m(x2, Bj,θ))L2(0,1) = (R∗(Bj,θ)h; τ0,m,2)L2(0,1),

(h; R(Bj,θ)τ1,m,2)L2(0,1) = (h; τ1,m,2)L2(0,1), m = 1, 2, . . . .

Taking into account these relations and inequality

(h; vs,m(x2, L1,j,k))
2
L2(0,1) ≤ ‖R∗(L1,j,k)‖2

[L2(0,1)](h; τs,m,2)
2
L2(0,1), s = 0, 1, m = 1, 2, . . . ,

we obtain the estimate

‖R∗(Bj,θ)h‖2
L2(0,1) ≤ (4 + ‖R∗(L1,j,k)‖2

[L2(0,1)])‖h‖2
L2,θ (0,1).

Therefore, for conjugate operator R∗(Bj,θ) the following inclusion holds (see [9])

R∗(Bj,θ) ∈ [L2,θ(0, 1); L2(0, 1)]. (29)

So, the inverse operator exists

E − S∗(Bj,θ) ∈ [L2,θ(0, 1); L2(0, 1)],

that is, the system of functions V(L1,j,k) has the unique biorthogonal system W(L1,j,k).
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Lemma 8. The system of functions V(Bj,θ) is the Riesz basis in L2(0, 1) if and only if the se-

quence {θm}∞
m=1 is bounded.

Proof. Necessity. If the system of functions V(Bj,θ) is the Riesz basis, then it is almost normal-

ized. From the opposite, if |θm| → ∞ for m → ∞, then, taking into account (27)–(28), we

obtain

‖v0,m(x2, Bj,θ)‖L2(0,1) = 1 + |θm|‖z2,j,m,k‖L2(0,1) → ∞, m → ∞.

Sufficiency. If the sequence θ is bounded, then the spaces L2,θ(0, 1) and L2(0, 1) coincide. There-

fore, taking into account the inclusion (29), we obtain R(Bj,θ) ∈ [L2(0, 1)].

The set of n real sequences {θj,m}∞
m=1, j = 1, 2, . . . , n, we denote by Θ, and consider

the operator BΘ, eigenvalues of which coincide with the eigenvalues of the operator L0,k and

eigenfunctions are defined by the equalities











v1,m(x2, BΘ) = τ1,m,2(x2),

v0,m(x2, BΘ) = τ0,m,2(x2) +
n

∑
j=1

θj,mz2,j,m,k(x2), m = 1, 2, . . . .
(30)

We define the transformation operator R(BΘ) := E + S(BΘ) : L2(0, 1) → L2(0, 1) which

maps the system of eigenfunctions V(L0,k) of operator L0,k into system of functions V(BΘ) of

operator BΘ

R(BΘ)τs,m,2(x2) := vs,m,k(t, BΘ), s = 0, 1, m = 1, 2, . . . .

From the definition of operator BΘ we obtain

S(BΘ) : L0,2(0, 1) → L1,2(0, 1), L1,2(0, 1) → 0, S2(BΘ) = 0.

Therefore, the bounded operator R−1(BΘ) = E − S(BΘ) exists.

Lemma 9. For any sequences {θj,m}∞
m=1, j = 1, 2, . . . , n, the system of eigenfunctions of oper-

ator BΘ is complete and minimal in the space L2(0, 1).

The system of functions V(BΘ) is the Riesz basis in the space L2(0, 1) if and only if the

sequences {θj,m}∞
m=1, j = 1, 2, . . . , n, are bounded.

Proof of Lemma 9 is similar to the proof of Lemma 7. �

Let Q(Lk) be the set of operators BΘ, eigenfunctions of which is defined by formulas (30),

Γ(Lk) be the set of transformation operators R(BΘ).

Remark 3. On the set Γ(Lk) we can define the multiplication operation and prove that Γ(Lk) is

an Abelian group.

5 THE NONSELF-AJOINT PROBLEM FOR A DIFFERENTIAL EQUATION OF EVEN ORDER

For equation (9) let us consider the eigenvalues problem with nonlocal conditions















l2,s,2z := z(2s−2)(0) + z(2s−2)(1) = 0, s = 1, 2, . . . , n,

l2,n+j,2z := z(2j−1)(0) + z(2j−1)(1) + l2
n+jz = 0,

l2,n+s,2z := z(2j−1)(0) + z(2j−1)(1) = 0, s 6= j, s = 1, 2, . . . , n,

(31)
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where

l2
n+jz :=

ks,2

∑
q=0

k2

∑
r=0

bs,q,j,2z(q)(x2,r). (32)

Let L2,j,k : L2(0, 1) → L2(0, 1) be the operator of the problem (9), (31), (32)

L2,j,kz(x2) :=
n

∑
p=0

(−1)papµ
p
k,1z(2n−2p)(x2), z ∈ D

(

L2,j,k

)

,

D
(

L2,j,k

)

:=
{

z ∈ W2n
2 (0, 1) : ℓ2,r,2z = 0, r = 1, 2, . . . , 2n

}

,

and V
(

L2,j,k

)

be the system of root functions for operator L2,j,k

R(L2,j,k) : L2(0, 1) → L2(0, 1), R(L2,j,k) : V(L0,k) → V(L2,j,k).

Lemma 10. Let Assumption P1 holds. Then the operator L2,j,k has the system of root functions

V
(

L2,j,k

)

, which is complete and minimal in the space L2(0, 1).

If Assumptions P1, P3 hold, then the system of functions V
(

L2,j,k

)

is the Riesz basis in the

space L2(0, 1).

Proof. Substituting function τ1,m,2(x2) into boundary conditions (31), (32) we obtain that the

operator L2,j,k has eigenvalues

v1,m(x2, L2,j,k) := τ1,m,2(x2), m = 1, 2, . . . . (33)

Root function v0,m

(

x2, L2,j,k

)

of operator L2,j,k is defined by the sum

v0,m(x2, L2,j,k) := τ0,m,2(x2) + η1
j,m,kz2,j,m,k(x2), m = 1, 2, . . . . (34)

For determining of unknown parameters η1
j,m,k we substitute the expression (34) into boundary

conditions (31), (32).

Taking into account the ratio (22) we have the equality

η1
j,m,k = −(l2,n+j,2z2,j,m,k)

−1l2
n+jτ0,m,2. (35)

Therefore, the operator L2,j,k has the system of root functions (33)–(35).

Remark 4. On the contrary, as in the proof of Lemma 8, we can prove the completeness of the

system V(L2,j,k) in the space L2(0, 1).

Taking into account that z2,j,m,k(x2) ∈ L1,2(0, 1), we have the inclusion R(L2,j,k) ∈ Γ(L0,k).

Therefore, the system V(L2,j,k) is minimal in the space L2(0, 1).

Let Assumption P3 holds. Then from the inequality (25) we obtain |η1
j,m,k| ≤ C8. Therefore,

taking into account the statement of Lemma 9, we obtain that R(L2,j,k) ∈ Γ(L0,k) ∩ [L2(0, 1)].

Let us show that for the operator R(Lk) Lemma 10 holds. Substituting into boundary con-

ditions (31), (32) we obtain that the operator Lk has the eigenfunctions

v1,m(x2, Lk) := τ1,m,2(x2), m = 1, 2, . . . .

Root function v0,m (x2, Lk) of operator Lk is defined by the sum

v0,m(x2, Lk) := τ0,m,2(x2) +
n

∑
j=1

η1
j,m,kz2,j,m,k(x2), m = 1, 2, . . . ,
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where unknown parameters η1
j,m,k are defined by formula (35).

Therefore, the transformation operator R(Lk) : L2(0, 1) → L2(0, 1)

R(Lk)τs,m,2(x2) := vs,m(x2, Lk), s = 0, 1, m = 1, 2, . . . ,

is the element of the set Γ(Lk). Thus, the system V(Lk) is complete and minimal in the space

L2(0, 1).

Taking into account the ratio R(Lk) =
n

∏
j=1

R(L2,j,k) and the statement of Lemma 9, in the

case of Assumptions P1, P3 we have R(Lk) ∈ [L2(0, 1)].

Thus, the system V(Lk) is the Riesz basis in the space L2(0, 1).

Therefore, for operator Lk Lemma 10 holds.

6 PROOF OF THE MAIN RESULTS

Proof of Theorem 1. Particular cases of the operator L, when bq,r,s,j = 0, we denoted by

Lj, j = 1, 2, respectively.

Let πr,k,1 be the orthoprojector into one-dimensional proper subspace in L2(0, 1). We define

the root functions of operator L2 by

vs,r,k,m

(

x, L2
)

:= vs,m (x2, Lk) τr,k,1 (x1) , s, r ∈ {0, 1}, k, m ∈ N,

and the transformation operator R(L2) : L2(G) → L2(G) by

R(L2) := ∑
r,k,m

R(Lk)× πr,k,1,

vs,r,k,m

(

x, L2
)

:= R(L2)vs,r,k,m (x, L0) , s, r ∈ {0, 1}, k, m ∈ N.

Similarly, when Assumption P2 holds, we can define the biorthogonal system W(L2).

Taking into account Lemma 10, we obtain that for operator L2 Theorem 1 holds. From The-

orem 1 of the paper [1] we obtain that for operator L1 Theorem 1 holds and for transformation

operator R(L1) the ratio R(L1) ∈ [L2(G)] holds.

Let us define the transformation operator R(L) : L2(G) → L2(G), R(L) := R(L1)R(L2),

and the root functions of operator L

vs,r,k,m (x, L) := R(L)vs,r,k,m (x, L0) , s, r ∈ {0, 1}, k, m ∈ N.

By direct verification we obtain that the elements of the system V(L) are roots in sense

(L − λk,m)vr,1,k,m(x, L) = 0,

(L − λk,m)vr,0,k,m(x, L) = ξr,0,k,mvr,1,k,m(x, L),

ξr,0,k,m = 4n(−1)n−1ηr,0,k,mρ2n−1
m,2 , r, s ∈ {0, 1}, k, m ∈ N.

Taking into account Assumption P1, we obtain that the systems V(Lj) have the unique biortho-

gonal systems W(Lj), j = 1, 2, in the space L2(G).

Therefore, the system V(L) is complete and minimal in the space L2(G).

Let Assumptions P1–P3 hold. Then from Theorem 3 of the paper [8] and from Lemma 10

we obtain R(L1) ∈ [W2n
2 (G)]. So, Theorem 1 is proved. �
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Remark 5. There are positive numbers C9, C10 such that for any function

f (x) = ∑
r,q,k,m

fr,q,k,mvr,q,k,m(x, L) (36)

the inequality

C9‖ f‖2
L2(G) ≤ ∑

r,q,k,m

| fr,q,k,m|2 ≤ C10‖ f‖2
L2(G)

holds.

Proof of Theorem 2. It is enough to consider the case qq,r,s,1 = 0. Let the right part of the

equation (1) has the expansion (36).

The solution of the problem (1)–(2) we find in the form of a series

u(x) = ∑
r,q,k,m

ur,q,k,mvr,q,k,m(x, L).

Substituting these expansions into equation (1) we obtain the equalities

ur,0,k,m = λ−1
k,m fr,0,k,m,

ur,1,k,m = λ−1
k,m fr,1,k,m − λ−2

k,mξr,0,k,m fr,0,k,m, r ∈ {0, 1}, k, m ∈ N.

Let us consider the relations

D2n
1 u(x) = ∑

r,q,k,m

λ−1
k,mµn

k,1 fr,q,k,mvr,q,k,m(x, L).

Taking into account Assumption P2, we obtain

‖D2n
1 u‖L2(G) ≤ C11‖ f‖L2(G).

Similarly from Theorem 3 of the paper [1] we obtain the inequality

‖D2n
2 u‖L2(G) ≤ C12‖ f‖L2(G).

Therefore, taking into account Theorem 3, we obtain R(L2) ∈ [W2n
2 (G)].

Thus, for the definition of the transformation operator R(L) we have R(L) ∈ [W2n
2 (G)].

Then

‖u‖W2n
2 (G) ≤ C13‖ f‖L2(G).

Theorem is proved. �
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Баранецький Я.О., Каленюк П.I., Копач М.I., Соломко А.В. Нелокальна крайова задача зi збурення-

ми мiшаних крайових умов для елiптичного рiвняння iз сталими коефiцiєнтами. II // Карпатськi

матем. публ. — 2020. — Т.12, №1. — C. 173–188.

У роботi продовжено розпочатi у першiй частинi дослiдження властивостей задачi з не-

локальними умовами, якi є багатоточковими збуреннями мiшаних крайових умов. Зокрема,

побудовано узагальнений оператор перетворення, який вiдображає розв’язки самоспряженої

крайової задачi iз мiшаними крайовими умовами в розв’язки багатоточкової задачi. Побудо-

вано систему V(L) кореневих функцiй оператора L багатоточкової задачi. Визначено умови,

при яких система V(L) повна та мiнiмальна та умови, за яких вона є базисом Рiсса. Для випадку

елiптичного рiвняння встановлено умови iснування та єдиностi розв’язку задачi.

Ключовi слова i фрази: диференцiальне рiвняння з частинними похiдними, кореневi фун-

кцiї, метод Фур’є, метод операторiв перетворення, базис Рiсса.


