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Nonlocal multipoint problem for a differential equation of
2n-th order with operator coefficients

Baranetskij Ya.0.!, Demkiv LL!, Solomko A.V.>>, Sus’ 0.M.3

In the article, the spectral properties of a multipoint problem for a differential operator equation
of order 21 are studied. The operator of the problem has an infinite number of multiple eigenvalues.
Each multiple eigenvalue corresponds to a finite set of root functions. A commutative group of
transmutation operators is constructed. Each element of the group corresponds to the isospectral
perturbation of the problem operator with antiperiodic conditions. The conditions for the existence
and uniqueness of the solution are established for the selected family of multipoint problems, and
this solution is constructed too.
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method of transmutation operators, Riesz basis.
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1 Introduction

The foundations of the theory of boundary value problems for differential-operator equa-
tions are investigated in the works of J.-L. Lions and E. Magenes [18], V.L. Gorbachuk and
M.L. Gorbachuk [12], S.Ya. Yakubov [24], A.A. Dezin [9].

Nonlocal problems on a finite interval for differential equations with unbounded
operator coefficients were studied by Ya.O. Baranetskij et al. [3], Yu.A. Dubinskii [10],
PI. Kalenyuk et al. [16], F.E. Lomovtsev et al. [19,20], K.S. Mamedov [21], V.K. Romanko [22],
S.Ya. Yakubov et al. [23] and many others.

The basics of the theory of transmutation operators are set out in the paper of V.V. Ka-
trakhov and S.M. Sitnik [17]. The properties of differential operators that have an infinite
number of multiple eigenvalues have been studied in the papers [4,6,9,13-15].

In the works [1,2,4,5,7,15, 16] the properties of operators spectrum are investigated by the
methods of the theory of transmutation operators.

This paper is a continuation of the research [6,7] for the case of nonhomogeneous boundary
conditions.
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2 Basic designations and statement of the problem

For our investigation we will use the following notations. Let H be separable Hilbert space
and A : H — H be closed unbounded linear operator with discrete spectrum

0p(A) = {p : p ~ ak”*, k — oo, a, & > 0}.

Let V(A) = {vx € H: k = 1,2,...} be the system of eigenfunctions, which forms the or-
thonormal basis in the space H and

H(A™):={ve H,A"ve H meR, m>0}, H(AO) = H,

”u”%J(Am) = (A", A"u)y,  (wu)giamy = (A"u; A"u)p,
L ( —{Z) : 01 — H, HU()HHGLz(O,l)},
1
(B 0Oy o, = [ W), 5Ot
0

Let [(H(A™); H(A7)] be an algebra of bounded linear operators A : H (A™) — H (A7),
D;: Lp((0,1),H) — Ly((0,1), H) be a strong derivative in the space L,((0,1), H),

W21((0,1),A) := {v € L,((0,1), H) : A*v, D?"v € L,((0,1), H),

(1 0) wan (0,111 = (051) Ly ((0,0), 1) + (A2"0; A2 1, (0.0), 1) + (AP0 A2 1y (0,0), 1)
5" ((0,1),H)

Iy ll2 21112 21112
HyHWZn A) = IYIL, 0.0), 1) T 1A YL, (0,0, 1) T ”DtnyHLz((o,l),H)}'
Let us consider the multipoint problem

n

L(—Df, A%)u:= Y (=1)"B,A™ ¥ D'u(t) = f(t), te€(0,1), (1)
r=0
Ciu ::th];zu(O) + Dzj*2 (1) = ¢j,

Cuyjl -:fo 'u(0) + D;

1
n—i—]u _ZbD tq

2j—1 ‘
(1) + €ﬂ+] §9n+]r (2)

where0 =ty <t; <...<ty =1 6 €Rb,eR,qg=0,1,...,x,j=12,...,n,r=0,1,...,n
The function u € W2"((0,1), H) is called the solution of the problem (1)—(2) if

IL(=DF, A*)u = flly 01,0 = 0 11 = @ill yeamiy = 00 1sjit = @l sy = 0,

withm; =2n—2j+3,myj=2n—2j—3,j=1,2,...,n
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Let us consider the following assumptions and theorems, that are necessary for further
investigation.
Assumption Py 1ty =1 —ty_4, by = —by—y, q=0,1,..., x.

n
Assumption Py : L(—w?,1) = n(wz - wjz), Rew; < Rewp < ... < Rew, <0, Re cu]2 > 0.
]:
Assumption Py : s € H(A™s), s =1,2,...,2n.

Consider the operator

n
Lu:=Y_(-1)"B,A* ¥D{u, u€ D(L),
r=0

D(L) :={u € W3"((0,1),H) : pu=0, m=1,2,...,2n}.
The following statements are the main results of the paper.

Theorem 1. Let the Assumptions P;, P, hold. Then the operator L has the system of root
functions V (L), which is the Riesz basis in the space L,((0,1), H).

Theorem 2. Let the Assumptions P; —P; hold. Then for arbitrary B,,bs € R, f € L»((0,1),H),
¢j € H(A™),j=1,2,...,2n, the unique solution u € WZZ”(G) of the problem (1)—(2) exists.

Our research is structured as follows. In Section 3 the spectral properties of the problem
with antiperiodicity conditions are studied. In Section 4 the solution of the problem with
homogeneous conditions is constructed. In Section 5 the properties of the operator for a mul-
tipoint problem are investigated and a commutative group of transmutation operators is con-
structed. In Section 6 the Theorem 1 is proved. In Section 7 the solution of the problem with
nonhomogeneous conditions of antiperiodicity is constructed. In Section 8 the solution of the
problem with nonhomogeneous multipoint conditions is constructed and the Theorem 2 is
proved for this case.

3 The spectral problem with antiperiodic boundary conditions for diffe-
rential-operator equation

Let us consider the partial case of the problem (1)-(2) for g, = 0,b; = 0,7 = 0,1,...,n,
g=0,1,...,x:

n

L(=Df, A%)wo ==} (=1)"Br A" 2 Df"wo(t) = f(t), 3)
r=0
EO,]‘ZU() ::thj_ZZU()(O) + thj_ZZU()(l) = 0,

) 4)

2j-1 2j— ,
Contjwo =Dy wo(0) + Dy "wp(1) =0, j=1,2,...,n

Consider the operator Ly : L(0,1) — L(0,1) of problem (3)—(4):

L()ZUO ZZL(—DZ, AZ)ZU(), wo € D(L()),
D(Lo) :={wp € W3"((0,1),H) : foswo=0, s=1,2,...,2n}.
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Lemma 1. The operator L has the discrete spectrum

o(Lg) :== {Amq ER: Ay = Z ﬁryzn ergr, pg=m(29—-1), mq=12,... }

and the system of the eigenfunctions V (L), which forms the orthonormal basis in the space
Ly((0,1), H).

Proof. Consider the spectral problem

L(—D7, A% wg := Y (—1)"B,A™ 2 D wo(t) = Awy(t), (5)
r=0
2j—2 2j—2
lo,jwo =D} “wy(0) + D} “w(1) = 0,
Cousjwo :=D7 "wo(0) + DY lwy(1) =0, (6)

AeC,j=12,...,n
We can find the solution of the spectral problem (5), (6) as the product

wo(t) = y(t)om, ovm € V(A), meN.

To determine the unknown function y € W2"(0, 1) we obtain the spectral problem

n

Y (—1) B2y (1) = Ay(t), A€C,

r=0
lojy =y 2(0) + 452 (1) =0, 7
Loty ::y(zj_l)y(O) + y(zj_l)(l) =0, j=12,...,n
Let Lo, be an operator of the problem (7):

n

Lomy = ;)( 1) B 2y@)(t), y € D(Low),

D(Lom) ::{y e W3 (0,1) : Ip,y =0, p = 1,2n}.
Let us consider boundary value problem

— 2z (1) =h(t), te(0,1),

8
200+ z20(1) =0, r=0,1. ®

Let By be an operator of problem (8):

Boz (t) :=—z?) (t), =z(t) € D(By),
D (By) :={z € WZ(0,1): z"(0) +zW(1) =0, r=0,1}.

It is well known (see [6,21]), that the operator By has the point spectrum o (Bp) := {¢; € R :
¢y = m*(29 — 1)?, q € N} and the system of eigenfunctions

T:= {Toq(t) € La(0,1) : T0,4(t) = V2sin(2q — 1)7t, 71 4(t) = V2cos(2qg — 1)t g =1,2,... }.



Nonlocal multipoint problem for a differential equation of 2n-th order with operator coefficients 505

n
By direct substitution we obtain Ly, = Y Brpa’ 2 Bj. Therefore, the operator Ly, has the
r=0
point spectrum
n
o (Lowm) := {Am,q = Z ﬁryfnnfzr(pf], m= 1,00} 9)
r=0

and the system of eigenfunctions T.
Consider the orthonormal basis of space L,((0,1), H) :

V(LO) = {Uslq’m(t, LO) 6 LZ((O, 1), H) : vslq,m(t, LO) = Tslq(t)vm, S = 0, 1, q, m = 1, 2, .o .}.
From the definition of operator Ly we have equality
Lovslq’m(t, LO) — Aq’mvslq/m(t, LO), S = 0, 1, q, m = 1, 2, e oo o

The space L((0,1), H) is isomorphic to the Hilbert tensor product of spaces L(0,1) and
H.Then D(Lg) = {wy € D(A*") ® D(B)} C Ly((0,1), H). Therefore, the operator Ly can be
n
represented as a polynomial Ly = ) _ B, A**~* B from the operators A and Bj.

r=0
Taking into account the orthonormality of the system V(L) in space L((0,1), H), we ob-

tain the statement of the lemma. O

4 The boundary value problem with homogeneous conditions

Let us consider the problem (3)—(4).

Theorem 3. Let the Assumption P, holds. Then for arbitrary function f € Ly((0,1), H) the
unique solution wy € W22” ((0,1), H) of the problem (3)—(4) exists.

Proof. We expand the functions wy(t), f(f) into the series with respect to the system V(L) :

o) 1 =) 1
Wy = Z Z wO,s,q,mUs,q,m(t/ LO)/ f - Z Z fs,q,mvs,q,m(t/ LO)/
m,q=1s=0 m,q=1s=0

fs,q,m — (fr Us,q,m(tr LO))Lz((O,l),H)’ 5= 0/ 1/ q/m = 1/ 2/’ ey

where V(Lg) := {vs4,m(t, Lo) € L2((0,1),H), s = 0,1, g, m = 1,2,...} is the system of eigen-
functions of the operator, which is orthonormal basis of the space L,((0,1), H).

Substituting into the equation (3) and taking into account the completeness of the system
V(Lo), we obtain the equality wo s g,m = A,‘n}q fsqms=01,qm=1,2,....

From Assumption P, we have the following inequality

|w0,5,q,m| < C1|fs,q,m|r 0< C1 < oo, s=0,1, q,m= 1,2....

Therefore
lwollz,((01),1) < Cill fllL, ((00),1)-

Show that wo(t) € W3"((0,1), H). Taking into account the theorem on intermediate deriva-
tives [6,14,17], we should show that A%"wq(t) € L,((0,1), H) and D?"wy(t) € L2((0,1), H).
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Lety1(t) = ALy f(t), ya(t) = BELy ' f(t). The operators A%'L;!, BiL; ! have the system
V(Lo) of eigenfunctions and corresponding eigenvalues X1, = ;13" A,;llq, X2mg = 4)3)\;1,117,
m,q =1,2,.... Taking into account the Assumption P,, we obtain the estimates

‘Xs,m,q’ <G <o, s=12mq=12,....

Therefore, ys(t) € Ly((0,1), H), s = 1,2. Then from the definition of the norm in space
W2"((0,1), H) we obtain

wo(t) € W3'((0,1), H)  and  Jwollwan(o1),m) < CallfllLy(o), 1) 0 < Cs < oo
The theorem is proved. O
Remark 1. From the statement of the Theorem 3 we have the following relation

Ly" € [La((0,1), H); W3"((0,1), H)].

5 The spectral boundary problem for a differential-operator equation and
transmutation operators

Let us consider boundary value problem
—z0(1) = g(t), te (0,1),
%2 :=z(0) +z(1) =0, (10)
'z :=z10) + zV(1) +1zW (0) - zV(1)) =0, heR, r=0,1.
Let B be an operator of problem (10):
Bz (t) := —z%) (), =z(t) € D(B),
D(B) :={z € W3(0,1): I'z=0,1}.

In the paper [5] it is proved that the operator B has eigenvalues y;,; and the system of root
functions

V(B) := {v14(t, B) := T14(t), vo4(t,B) = (1 —h(2t —1))104(t), g=1,2,...},

for which the following relations hold

Bvy,4(t, B) = ¢qv14(t, B), Buo,m(t, B) = ¢pquo,4(t, B) +4pghv14(t,B), q=1,2,....

Let B* be an operator of the conjugate problem:

—y? (1) =g(t), te(©1),
y(0)+ y(1) +h(y (1) —y(0)) =0,
yM(0)+yV(1)=0, r=01
The system of root functions of this operator is defined by the following relations
V(B*) := {vs4(t, B*) € L2(0,1), vs4(t,B*) : vg4(t, B*) :=10,4(t),
01,4(t,B*) = (1+h(2t —=1))114(t), q=1,2,...},

where
T:= {Tsq(t) € Ly(0,1) : Toq(t) = V2sin(2g — 1)7tt, Ty 4(t) = V2cos(2g — V)7tt, g = 1,2,.. .},
and it is biorthogonal to the system V' (B).
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Lemma 2. For any h € R the operator B has the system of root functions V(B), which is the
Riesz basis of the space L,(0,1).

Proof. The system V(B) has the unique biorthogonal system B*. Therefore, V(B) is complete
and minimal in the space L,(0,1). For any g € L,(0,1) we obtain the inequality

1 o
2
Z Z (g/ Us,q(tr B)) L>(0,1) < (1 + hz) Hg”%z(o,l) <@
s=0g=1
Therefore, the system of functions V(B) is the Riesz basis of the space L,(0,1) (see [10]). O

Forany 6, € R,q = 1,2,..., we define the operator By : L»(0,1) — L»(0, 1) as the operator,
for which the root functions are defined by the following relations

’(Jl,q(t, Bg) = Tl,q(t)/

(11)
UO,q(t/BG) = (1+9q(2t—1>)”(0,q(t), q:1,2,... .

Taking into account (11), we obtain
Bgvi,4(t, Bg) = pqv1,4(t, Ba),  Bgvo,(t, Be) = ¢qvom(t, Be) +4pa0q01,m(t, Bg), q=1,2,....
We denote by ®y(B) := {By} the set of operators By having the root functions (11) and
D (B) :={Bg € Py(B), 05 € R, |6, <C< o0, g=1,2,...}.

The operator, which maps the system V(B) into the system V(By) of the root functions for
the operator By € ®(B), we define by the equalities

R(BQ)TS,q(t) = Us,q(t, Be), S = O, 1, q - 1,2, ceey

and let R(Bg) := E + S(By).
Define Fo(B) = {R(BQ) . LQ(O,].) — Lz(O,l) . B9 € CDQ(B)}, FO,C(B> = Fo(B> N [LQ(O,].)].
For any By € ®((B) we define the biorthogonal system

V(BY) == {vsq(t B;) € Ly(0,1) : vyy(t Bj) = T0(t),

Ul,q(t/B() qu Z Tls qu t BQ))LZ(Ol)TOti( ), q= 1,2,...},

where
T:={Tq(t) € L2(0,1) : Tq(t) = V2sin(2q — 1)7tt, T 4(t) = V2cos(2g—)7tt, g =1,2,...}.
Therefore the following Lemma 3 holds.

Lemma 3. For any sequence {6,}°; C R the system of functions V(By) is complete and
minimal in L,(0, 1).

Lemma 4. The system of functions V(By) is the Riesz basis in the space L,(0,1) if and only if
the sequences {0, } ° | are bounded.



508 Baranetskij Ya.O., Demkiv LI, Solomko A.V., Sus’ O.M.

Proof. Necessity. If the system of functions V (By) is a Riesz basis in the space L»(0,1), then it
is almost normalized. Taking into account (11), we obtain the inequality

0 <1< [loog(tBo)ll7, 01 =1+ 16> <Cs <00, g=1,2,..., C4=1+max6].

Sufficiency. Let us consider the relations
Ul,q(f, BQ) = R(Bg)Tllq(t) = (1 — Hq)rllq(t) + quTl,q(t)/
(h;01,4(t, Bo)) 1y 00) = (1= 0) (5 T1,9) 1,(0,1) + 04 (1 BTLg) 150,1)
(01,4 (t, Bo) ), 0,0) < 41+ 600) (1 11,9)7T, (01) + 265 (01,4 (£, B))T, (0,00
(h;v0,4(t Bo))1, (0 1,(01) = (170 q))%z(o 1)/

1 o
Y ) (R(By)h; )7 ZZ I 0r,q(t, By) )] (01)<C5HhHL 0,1)
r=0g=1 r=0g=1
Cs = 4(1+ [R(B)[IfL, 01)))-
Therefore,

R(B}) = E + S(B}) € [L»(0,1)], R(Bg) = E + S(By) € [La(0,1))].

Taking into account the Bary theorem [8,10], we obtain the statement of the lemma. O

We choose two arbitrary sequences {07 }7 g—1,5 = 1,2, and consider the product of transmu-

tation operators R(B}) = E + S(BJ), 9 = 1,2, and inverse operator on the set T'y(B) :
R(B§)R(B3) = E+S(By) +S(B3), R(By)~' =E — R(By).
Remark 2. The setT'y(B) is an Abelian group.

Let B; be an operator of the problem

X
Bz:=2(0)+z(1) =0, Hz:=zV(0)+:z01)+ ) bz
r=0

Biz(t) := —z@(t), z(t) € D(By), D(By):={z € W3(0,1):1{"z=0,1}.
We define the root functions of the operator B; by the relations
Ul,q(t/ Bl) = Tl,q(t)/

X
0,4(t,B1) i= (146,(2t —1))104(t), 05 =Y brtog(t), =1,2,....
r=0

(12)

From the relations (12) we obtain the inequality
|\01,q(t, Bl)HLz(O,l) <C¢, s=0,1, g=12,....
Therefore, taking into account the statement of the Lemma 4, we obtain the following assertion.

Lemma 5. Let Assumption P; holds. Then the functions V(By) is the Riesz basis in the space
Ly(0,1).
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6 The spectral problem with nonlocal conditions for differential-operator
equation

Consider the spectral problem
L(—-Df, A®)w:= Y (-1)BA*" ¥ D¥w(t) = Aw(t), t€(0,1), A €C. (13)

2j—2

Cw = DY *w(0) + D *w(1) =0,
2j

-1 2j—1
oy = Dy w(0) + Dy w(1) 4+ £,

(14)
w=0 j=12,...,n

Let us prove the Theorem 1. We find the solution of spectral problem (13), (14) as the
product

w(t) =y(t)om, vr€eV(A), m=12,....
To determine the unknown function y € W2"(0, 1) we obtain the spectral problem

n

Y (—1) BTy (1) = Ay(t), A €C,
r=0
Ly == y@2(0) +y¥2(1) =0, (15)

) . X )
Lisjy o=y @ Vy(0) +y@ (1) + Y by@ V(ts) =0, j=1,2,...,n
s=0

Let L;, be an operator of the problem (15):

Loy = Y (=1 B2~ 2y@)(t), D(Ly):={ye W"(0,1): Ly=0,j=12,...,n}.

The operator L, has a point spectrum (9) and the system of root functions V(By) of this oper-
ator is defined by relations

Cqm = Z,BrZryZ” 2r= 1p§’ 1 g=12,....
Therefore the operator L has the system of root functions

V - {Usqm 6 LZ((O, 1), H) . vslq/m(t) = Uslq(t,Bl)vm, S = 0, 1, q, m = 1,2,. .. },

n
and is represented as a polynomial L = Y B, A*~?'B] of the operators A and B;.
r=0
Taking into account that the system V is the Riesz basis in space L,((0,1), H), we obtain

the statement of the Theorem 1.
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Let us consider the problem (1), (14).

Theorem 4. Let the Assumptions Py, P, hold. Then for arbitrary function f € L,((0,1), H) a
unique solution w € W3"((0,1), H) of problem (1), (14) exists.

Proof. We expand the functions w(t), f(t) into a series according to the system V(L):
) 1 ) 1
w= Z Z Ws,q,mVs,q,m(t, L), f= Z Z fs,q,kvs,q,M(tz L).
m,q=1s=0 m,q=1s=0

Substituting this series into the equation (1) and taking into account the completeness of the
system V(L) we obtain equalities

-1 -1 -2
Wo,q,m = Am,qfO,q,m' Wi,qm = Am,qfl,q,m - ‘:q,m}\m,qfl,q,mr qm = 1,2,....

From Assumption P, we have the inequality |ws4m| < Cy|fsgml, C7 < o, s = 0,1,
g,m=1,2,.... Therefore,

1wl (0,1),1) < Csll fllLy(0,1),), 0 < Cg < oo

We show that w(t) € W2"((0,1), H). Taking into account the theorem on intermediate deriva-
tives [6,14,17], we should show that

wl(t) := A%w(t) € Ly((0,1),H),  w?(t) := DMw(t) € L,((0,1), H).

The operators A?"L~! and D?"L~! have the system V(L) of root functions and eigenvalues
Xl,mg = ,ugn)‘r_n,lq/ X2,mg = V;Zli/\rz,lq'
Taking into account the Assumption P, we obtain estimates

IXsmgl <C7 <00, s=1,2,mqg=12,....

Therefore w°(t) € L,((0,1),H), s =1,2.
From the definition of the norm in space W2"((0,1), H) we obtain
Hw”wg-ﬂ((o,l),H) < CSHfHLz((O,l),H)/ 0 < Cg <o
The theorem is proved. O

Remark 3. From the statement of the Theorem 4 we obtain the following relation

L™ € [L2((0,1), H); W3"((0,1), H)].

7 The antiperiodic problem with nonhomogeneous conditions

For the equation

L(-D? Ay := f(—wﬁmz"*z’[)%’vo(t) = (16)
r=0

consider the problem with nonhomogeneous antiperiodic boundary conditions
2j-2 2j-2
£o,jv0 = Dt] vo(0) + Dt] vo(1) = ¢},

21 2j-1 _ . (17)
lonyjvo =Dy "vo(0) + Dy vo(1) = @uyjy j=12,... 1
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Remark 4. It is well known [11,14, 17], in the case Rew < 0 we have
U(w, A, t) = A2 expwAt € [H, Ly((0,1), H)],
and the following relations hold
Dj € [W3'((0,1), H); H(A*'~72)],  Djv € Ly((0,1), H(A?72)),

€01, s=1,2...,2n—1,
for any v(t) € W3"((0,1), H).

Let
Zy(At) = A" 2} (E+expwpA)~!(exp wpAt + expwpA(l — 1)),
Z,(A1) € [12((0,1), H); W2 ((0,1), H)],
Znip(At) = A" ant) (E+expwpA) ! (exp wpAt —expwpA(l — 1)), (18)
Zusp(At) € [La((0,1), H); W2 ((0,1), H)],

p=12,...,n, Rewj; <Rewp <...<Rew, <0.
Theorem 5. Let the Assumptions P>, P3 hold. Then the function
2n
t) =Y Zy(A,t)hs (19)
s=1

is the solution of the equation (16) for any hs € L»((0,1),H), s=1,2,...,2n.
Proof. Consider the following relations for the functions vs(t) := Zs(A, t)hs:
AT DYy, () = wffA% (E +expwpA)~!(exp wpAt + expwpA(l —t)) € Lr((0,1), H),

AP DI v, (H) = wffA% (E+expwpA)~!(exp wpAt —expwpA(1 —t)) € Lr((0,1), H),
pr=12,...,n,s=1,2,...,2n.

Therefore,
vs(t) € W3"((0,1),H), s=1,2,...,2n.

Substituting the function (19) into the equation (16), we obtain

L(—D3, A*)v(t ZL — w3, 1) A™(Zy(A, )hp + Zini p(A, )y p) = 0.

Substituting the function (19) into boundary conditions (17), we obtain two systems to de-
termine the unknowns functions hs, s = 1,2,...,2n:

n
2j—2 1 A
Z wy hy = Yis i = EAm](Pj € H,
2j-1, 1 .
Z (,L) ] P — ,)/n‘f’]./ ,)/Vl‘f’] — EAmnﬂq)nJrj c H, (20)

1
m]:21’l—2]+;, mi’l+j:2n_2j_§/ ]':1,2,...,1’1
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The determinant A of coefficient matrix for the first system coincides with the Vander-
monde determinant, which is built on numbers w% #0,r=1,2,...,n
The determinant A; of coefficient matrix for the second system is determined by the for-

n
mula Ay = Ay H w%.
r=1
Taking into account w, # 0, r = 1,2,...,n, we obtain that Ay # 0 and A; # 0. Thus each

of the systems (20) has a unique solution. Therefore the statement of theorem is proved. O

Theorem 6. Let the Assumptions P,, P3 hold. Then for any ¢; € H(A™),s = 1,2,...,2n, a
unique solution vy € W2"((0,1), H) for the problem (16), (17) exists, it is determined by the
ratios (18)—(20).

8 Existence and uniqueness of the solution of the multipoint problem with
nonhomogeneous conditions

Let us consider the problem for equation

L(-D? A)v := Xn:(—l)rﬁrAZ”_zrD%’v(t) =0 (21)
r=0

with nonhomogeneous multipoint conditions
bv = thj_zv(O) + thj_zv(l) = ¢j,
2j-1 2j-1 .
lyyjo =Dy 0(0) + DY o(1) + E},ﬂ-v = @uij, J=12,...,m
Theorem 7. Let the Assumptions Py —P; hold. Then for any ¢; € H(A™),j=1,2,...,2n, a
unique solution v € W3"((0,1), H) for the problem (21), (22) exists.

Proof. The solution of the problem (21), (22) is determined by the following relations
o(t) := O(t) + ol (t),
0 . 1 ‘ (23)
p=1 p=1
To determine the unknown functions gs, s = 1,2, ..., 2n, we substitute the functions (23) into

multipoint conditions (22).
We obtain two systems that are solved sequentially

n
2j—2 1 ..
Loy =" = ANe EH,
p:

n
2j—1 _9i 1 .
Y W) gy =1nyi— A 275,11+]-Uor Ynyj = EAmﬂﬂq)nJrj € H, (24)
p=1

1
m]:21’l—2]+;, mn+]':21’l—2j—§, j:1,2,...,n.

The solutions of the systems (24) coincide. Therefore, v°(t) € W2"((0,1), H) and we obtain
. n X
A1_2]€,11+jvo =Y (E+exp wpA)~! X%)br(E + exp wpAty)gp € H.
p=1 r=

Therefore, the conditions of the Theorem 6 are satisfied. Taking into account the statement
of the Theorem 6, we obtain v(t) € W3"((0,1), H). O
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Let us define the solution u(t) of the problem (1)—(2) as the sum w(t) + v(t), where w(t)

is the solution of the problem (3), (14) and v(t) is the solution of the problem (21), (22), re-
spectively. Taking into account the statement of the Theorem 4 and Theorem 6, we obtain the
statement of the Theorem 2.

Let ug(t) be the solution of the problem (1), (2) for the case bs =0,s = 0,1, ..., x. Consider

the operator

G: W2"((0,1), H) — W2"((0,1),H), Gug(t) := u(t).

Remark 5. Taking into account the Theorems 2, 3 and 6, we obtain

GL,G e [W¥((0,1),H)].
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VY cTaTTi BUBYAIOTHCS CIIEKTPaAbHI BAACTMBOCTI 6araTOTOUKOBOI 3aAaui AASI AMdpepeHIIiaABHOTO
OIepaTOPHOrO PiBHSIHHS NOPSIAKY 2. Oneparop 3apadi Mae HeCKiHUEHHY KiAbKiCTh KpaTHUX BAa-
CHUX 3HaueHb. KOXXHOMY KpaTHOMY 110r0 BAACHOMY 3HaUeHHIO BiATIOBiAa€ CKiHUeHHMIT Habip Kope-
HeBux pyHKIIiiL. [TobyroBaHa KoMyTaTHBHa TPyl OIIepaTopiB IepeTBopeHHs. KoXHOMY eaeMeH-
Ty TPYyI BiATIOBiAa€ i30cnieKTpasbHe 36ypeHHsI orlepaTopa 3ajadi 3 aHTMITEPIOAMIHIMI YMOBaMIL.
Anst BubpaHOi ¢iM'T 6araTOTOYKOBMX 3aAa4 BCTAHOBAEHO YMOBM iCHYBaHHS Ta €AVHOCTi pO3B’sI3KY,
a TaKOX IIelf PO3B’sI30K 06y AOBaHO.

Kntouosi cnoea i ppasu: b6araToTouKkoBa 3apava, aHTUIIEpiOAMYHA KpalfoBa yMOBa, KOpeHeBa (pyH-
KIIisI, METOA OTIepaTopiB IepeTBOpeHHs1, 6asuc Picca.



