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Fractional integral operators on Hardy local Morrey spaces
with variable exponents

Ho Kwok-Pun

We establish the mapping properties of the fractional integral operators on the Hardy local Mor-
rey spaces with variable exponents by using the extrapolation theory. The local Morrey spaces with
variable exponents are generalizations and extensions of the local Morrey spaces, the Lebesgue
spaces with variable exponents and the Morrey spaces with variable exponents. The Hardy lo-
cal Morrey spaces with variable exponents are the Hardy spaces built on the local Morrey spaces
with variable exponents. Our main result extends and generalizes the mapping properties of the
fractional integral operators on the Hardy spaces, the local Morrey spaces, the Hardy spaces with
variable exponents and the local Morrey spaces with variable exponents. We obtain our main result
by extending the J.L. Rubio de Francia extrapolation theory to the local Morrey spaces with vari-
able exponents. This method was originally developed by J.L. Rubio de Francia on the weighted
Lebesgue spaces and recently it has been extended to a number of function spaces such as the
Morrey spaces with variable exponents, the local Morrey spaces with variable exponents and the
Morrey-Banach spaces. We further extend it to the local Morrey spaces with variable exponents.
By using the mapping properties of the fractional integral operators on the weighted Hardy spaces,
we establish the mapping properties of the fractional integral operators on the Hardy local Morrey
spaces with variable exponents.

Key words and phrases: fractional integral operator, Hardy space, local Morrey space, variable
exponent.
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1 Introduction

This paper aims to extend the mapping properties of the fractional integral operators to the
Hardy local Morrey spaces with variable exponents.

The mapping property of the fractional integral operators on function spaces is one of the
main topics in function spaces. The mapping properties of the fractional integral operator
on Lebesgue spaces are well known [37, Chapter VIII, Section 4.2]. It is also named as the
Hardy-Littlewood-Sobolev inequalities. The Hardy-Littlewood-Sobolev inequalities had been
extended to Morrey space in [1, 28], where Morrey spaces were introduced by Morrey in [25]
to study the solutions of some quasilinear elliptic partial differential equations.

The Morrey spaces had been generalized to the Morrey-Lorentz space [30,40], the Orlicz-
Morrey spaces [34] and the variable Morrey spaces (also named as the Morrey spaces with
variable exponents) [2,23]. Some extensions of Hardy-Littlewood-Sobolev inequalities on
these Morrey type spaces were given in [2,17,29,34,40]. The local Morrey spaces and their
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generalizations, the local Morrey spaces with variable exponents, are introduced and studied
in [4-9,15,39].

Another important extension is the mapping properties of the fractional integral operators
on Hardy spaces. The Hardy spaces were introduced in [36] and the mapping properties of
the fractional integral operators on Hardy spaces were also given there. Further extensions
were obtained in [22].

Recently, a combination of the local Morrey spaces with variable exponents and the Hardy
spaces, named as the Hardy local Morrey spaces with variable exponents, was given in [18].
The boundedness of Calderén-Zygmund operators and some sublinear operators on the Hardy
local Morrey spaces with variable exponents were also obtained in [18]. In view of the impor-
tance of the mapping properties of the fractional integral operators, we are motivated to es-
tablish the mapping properties of the fractional integral operators on the Hardy local Morrey
spaces with variable exponents. Moreover, our main results also generalize and extend the
mapping properties of the fractional integral operators obtained in [5,7,8,15,22,36].

We use the extrapolation theory to obtain our main result. The extrapolation theory was
introduced by J.L. Rubio de Francia in [31-33]. The refined extrapolation theory for Morrey
type spaces were obtained in [19]. This refined version had been used in [18,20] to study the
Calderén-Zygmund operators and some sublinear operators on Hardy type spaces. In this
paper, we further extend the extrapolation theory to study the fractional integral operators on
the local Morrey spaces with variable exponents.

This paper is organized as follows. Section 2 contains the definition of the local Morrey
spaces with variable exponents, the definition of the Hardy local Morrey spaces with variable
exponents and some backgrounds for the studies of these function spaces. The main result of
this paper is given in Section 3.

2 Definitions and Preliminaries

Let M and L] _ denote the space of Lebesgue measurable functions and the space of lo-
cally integrable functions on IR", respectively. For any x € R"” and r > 0, let us define
B(x,r) ={y € R":|x—y| <r}and B = {B(x,r) : x € R", r > 0}.

Let 0 < a < n. The fractional integral operator is defined by

_ fy)
Lf(x) = /]Rn Wd]/-

fo<a<nl<p< g and % = % + %, then I, : L, — L, is bounded. The reader is referred
to [26,27] for the weighted norm inequalities of the fractional integral operators.

We use the grand maximal function to define the Hardy spaces. Let S’(R") and S(R") be
the classes of tempered distributions and Schwartz functions, respectively. Let F = {|| - [|4, 3, }
be any finite collection of semi-norms on S(IR") and

Sr={yp e SR"):|¢| wp <1 forall || -la,p € F}.

For any f € §'(R"), the grand maximal function is defined as

Mrf(x) = sup sup |(f =) (x)

l[JES}' t>0

4
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where ¢(x) =t "¢(x/t) for any t > 0.
Let p € (0,00). The Hardy space H” consists of all f € S’'(IR") satisfying

£l = </R \M;f(x)\f’dxf/p < co.

The mapping properties of the fractional integral operators on Hardy spaces were obtained
in [36]. A further extension of the results in [36] for the fractional type integral operators on
Hardy spaces were established in [22].

Let p € (0,00) and w : R" — (0,00) be a Lebesgue measurable function. The weighted
Hardy space HP (w) consists of all f € S'(R") satisfying

Il = [, M0 wt) dx)”” <o

For the details of the weighted Hardy spaces, such as the atomic decomposition, the reader
is referred to [13,38].
We present the definition of the Muckenhoupt classes of weight functions in the following.

Definition 1. For 1 < p < oo, a locally integrable function w : R" — [0, 0) is said to be an

Ap weight if
[w] su ( ! /w(x)dx) < ! /w(x)%dx>
A = = —
* e \IB[ /5 Bl /B
_P_

where p’ = o1 A locally integrable function w : R" — [0,00) is said to be an A, weight if
there is a constant C > 0 such that for any B € B we have

‘Gl-“

7
< 0o,

%/Bw(y) dy < Cw(x), a.e x € B.

The infimum of all such C is denoted by [w]4,. We define Acc = U,>1 Ap.

Notice that we have A, C A; whenever 1 < p <g.

We now recall the weighted norm inequalities of the fractional integral operators on Hardy
spaces. They are presented in terms of the mapping properties of the fractional integral oper-
ator on weighted Hardy spaces [24,27,36].

Theorem 1. Let 0 < p < and% =12 Thenv?? € A ifand only if

1
p

”LXfHHﬂ(zM/P) < C”fHHF’(v)
for some C > 0.

The reader is referred to [36, Corollary 6.2 and Theorem 8.1] for the proof of the preceding
theorem. Notice that the result presented in [36, Theorem 8.1] is for the case, when f is an
(oo, N) atom. As stated at the beginning of [36, p.295], by using [36, Lemmas 2.1 and 2.2],
the results in [36, Theorem 8.1] can be extended to obtain the boundedness of the fractional
integral operators on the weighted Hardy spaces.

We now turn to the Lebesgue spaces with variable exponents.
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Definition 2. Let p(-) : R" — (0, 00| be a Lebesgue measurable function. The Lebesgue space
with variable exponent LP") consists of all Lebesgue measurable functions f : R" — C satis-

fying
Hf”m)—lnf{)‘>0 Pp(-) (f/A) <1}<°°

where R, = {x € R": p(x) = oo} and

Pp()(f) = /]Rn\m f(x)

We call p(x) the exponent function of LP("),

‘p(x) dx + esssup |f(x)].
R%

Forp(-) : R" — [1,00], the Lebesgue space LP(") with variable exponent is a Banach function
space [12, Theorem 3.2.13]. For simplicity, we refer the reader to [3, Chapter 1, Definitions 1.1
and 1.3] for the definition of Banach function space. In particular, the definition of Banach
function space assures that 3 € LP() for all B € B.

For any Lebesgue measurable function p(x) : R" — [1, 0], define p_ = infycrn p(x) and
pe = sup, g plx).

According to [12, Theorem 3.2.13], the associate space of LP() is LP'(").

Theorem 2. Let p(-) : R" — (0, 0] be a Lebesgue measurable function. If 1 < p(x) < oo,
x € IR", then the associate space of LPC) is LP’('), where p’ satisfies ﬁ + ﬁ =1.

We call p’(x) the conjugate function of p(x).
In view of [12, Theorem 3.4.6], if sup, . p(x) < oo, then the dual space of L(") equals to
the associate space of LP("),

Definition 3. Let p(-) : R" — [1, 0| be a Lebesgue measurable function. We write p(-) € B if
the Hardy-Littlewood maximal operator

Mf(x —sup|B|/ }f ‘d]//
where the supremum is taken over all B € B containing x, is bounded on LPC). We write
p(-) e B ifp'(+) € B.

Next, we recall a family of exponent functions for which the Hardy-Littlewood maximal
function is bounded on the corresponding Lebesgue spaces with variable exponents.

Definition 4. A continuous function g on R" is locally log-Holder continuous if there exists
Clog > 0 such that

Clog
log (e+1/|x—yl|)’

‘g(x)—g(y)} Vx,yeR"

We denote the class of locally log-Holder continuous functions by CI8 (R™).

loc
Furthermore, a continuous function is globally log-Hoélder continuous if § € C1 8 ° (R") and
there exists goo € R such that

Clog

—2 ____ VxeR"
log (e + |x]) *

|8(x) — geo| <

The class of globally log-Hélder continuous functions is denoted by C1°8 (R").
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The Hardy-Littlewood maximal operator is bounded on the space LP(") provided that
p(+) € C'8 (R"). For the proof of the subsequent theorem, the reader is referred to [12, Theo-
rem 4.3.8].

Theorem 3. If p(-) € C'°8 (R") and 1 < p_, then p(-) € B.

For more details on the Lebesgue spaces with variable exponents, the reader is referred
to [12].

We now recall the definition of local Morrey spaces with variable exponents from [39, Def-
inition 2.4].

Definition 5. Let p(-) : R" — (0,00) and u : (0,00) — (0, c0) be Lebesgue measurable func-
tions. The local Morrey space with variable exponent LM, ) consists of all f € M satisfying
1

) = su 5 < 00,
AN g P L [PEIAITS

Whenever p(-) = p, 1 < p < oo, the local Morrey space with variable exponent reduces to
the local Morrey space LM}, The reader is referred to [5,7,8,15] for the details of local Morrey
spaces.

The reader is referred to [18,39] for the boundedness of the geometrical maximal functions,
the minimal function, the Carleson operator and the rough maximal functions on LM}, ),

We restate the class of weight functions for local Morrey spaces with variable exponents

given in [39, Definition 2.5].

Definition 6. Let gy € (0,00) and p(-) : R" — (0,00]. We say that a Lebesgue measurable

function u : (0,00) — (0,00) belongs to ILWZO(.) if there exists a constant C > 0 such that for

any r > 0 the function u fulfills

C<u(r), Vr>1, 1)
X80 llppe < Culr), Vr<1, )

. . q0
1207 1620 (u <2]+1r) ) < C(u(r))™ forallr > 0.
j=0 HXB(O,27+1r) ”LP(-)/qo

Whenever g9 = 1, we write LW,,() = ILWV;(,). If p(-) : R" — [1,00] is a Lebesgue measur-

able function and u is increasing that satisfies (1) and (2), then LMb () is ball Banach function
space [39, Proposition 2.3 and Theorem 3.1]. For brevity, we refer the reader to [35] for the defi-

nition of ball Banach function space. Particularly, for any B(z,r) € B, we have xp(.,) € LM}, ),

We now study a pre-dual of LM} ). We recall the definition of local block spaces with
variable exponents from [39, Definition 3.1].

Definition 7. Let p(-) : R" — (0,00) and u : (0,00) — (0,c0) be Lebesgue measurable func-
tions. Ab € M is alocal (u, LP(‘)) -block if it is supported in B(0,7), r > 0, and

1
HbHLP(') < @
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Define £%8,, ,.) by

£B,p0) = { I;Akbk : k; |At| < oo and by, is a local (u,LP<'>)-bloc1<}.

The space £B,, .y is endowed with the norm

Hf”):%u,p(,) = inf{ Y |Ax| such that f =) Aby a.e.}.

k=1 k=1
We call £8B, .y the local block space with variable exponent and denote the collection of the
Iocal (u, LP"))-block by £b, .
The following results for £, ) are given in [39]. It shows that the dual space of £3B, ()
is LmP ).
Theorem 4. Letp(-) : R" — (1,00) and u : (0,00) — (0, c0) be Lebesgue measurable functions.

We have /
B0y = LML,

where E%Z,P(J denotes the dual space of £B,, (..

The reader is referred to [39, Theorem 3.1] for the proof of the preceding theorem.
In particular, we have the following propositions.

Proposition 1. Let p(-) : R" — [1,00) and u : (0,00) — (0,00) be Lebesgue measurable
functions. We have /

Proposition 2. Let f be a Lebesgue measurable function. If

F()3(0)| dx < ClIfll, o lglen,

sup
bEQbu,p/()

< oo,

[ Fb(x)dx

then f € LM,’Z(').

Proposition 3. Let p(-) : R" — [1,00) and u : (0,00) — (0,00) be Lebesgue measurable
functions. There exists a constant C > 0 such that for any f € LM, , we have

[, Fb(x)

< fIl, yp00-
LM},
bEEbu,p/()

We have the boundedness of the Hardy-Littlewood maximal operator on £8,, . (see [39,
Theorem 3.4]).

Theorem 5. Letp(-) : R" — (1,00) and u : (0,00) — (0, 00) be Lebesgue measurable functions.
Ifp(-) € Bandu € LW, then the Hardy-Littlewood maximal operator M is bounded on
LB, 50

We recall the definition of the Hardy local Morrey spaces with variable exponents from [18,
Definition 4.1].
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Definition 8. Let p(-) : R" — (0,00) and u : (0,00) — (0,00) be Lebesgue measurable
()

functions. The Hardy local Morrey space with variable exponent HLM!'’ consists of all
f € 8'(R") satisfying

When p(-) = p, p € (0,1], the Hardy local Morrey space with variable exponent becomes
the Hardy local Morrey spaces HLMy, ;.

For the studies of the boundedness of the Calderén-Zygmund operators, the Littlewood-
Paley functions and the maximal Bochner-Riesz means on Hardy local Morrey spaces with
variable exponents, the reader may consult [18, Sections 4.1-4.3].

3 Main results

We use the extrapolation theory to obtain our main result introduced by ].L. Rubio de
Francia [31-33]. An extrapolation theory for the local Morrey spaces with variable exponents
is obtained in [39]. For the extrapolation theory given in [39], it requires the validity of the
weighted norm inequalities for all weights belonging to A;. This restriction has been relaxed
in [18, Theorems 3.1 and 3.2]. The extrapolation theory given in [18, Theorems 3.1 and 3.2] just
requires the validity of the weighted norm inequalities for a subset only. The following theo-
rem further extends the extrapolation theory so that we can apply it to the fractional integral
operators.

For any 6 € [1, ) and locally integrable function f, define

Mg f = (MIf°)

Theorem 6. Let 0 < po < go < o0, p(-),q(:) : R" — (0,00), u : (0,00) — (0,00) be Lebesgue
measurable functions and F be a family of pairs of non-negative Lebesgue measurable func-

tions. Suppose that py, qo and p(-),q(+) satisfy po < p— < p4+ < qﬁoqzo, go < q— and

1/0

1 1 1 1

p() a(x)  po 40
Suppose there exist 0 € [1,00) and Cy > 0 such that (q(-)/qo)’' /0 € B and for anyr > 0

po/ g0 - Po
B(0, ||XB 0,2/+1r || u (2i+1
| r\) (02 ) bt w (2777 3

Z(woww\ Tsonl oy HCIP
If for every
w € {Mgh ‘h e 'gsBuqO,(p(-)/qO)’}
and (f,g) € F, we have
1/po

< Ri f(x)Mw(x) dx> /40 < C(/ﬂg(x)pow(x)m/%dx> < o0, (@)

where C is independent of f and g, then there exists a constant C > 0 such that for any
(f,g) cF thhg S LMz(.), we have f € LMz() and



Fractional integral operators on Hardy local Morrey spaces with variable exponents 197

Proof. Since (q(-)/q0)' /6 € B, [16, Lemma 3.2] ensures that

(4()/0)'10) B(0,r)|  WxBozr+1r)llpaciaere
HXB(O 2i+1y )HL (-)/99)' /) o }B (0, 2j+11’) ‘ HXB(O,}”) ”L(q(')/ﬂo)’/(?
0
|B(0,7)] ”XB(OZJ+1 )H (a0 o)
| ,
B(0,2¢1)[ | lxson I (o)

for some C > 0. As

: r__ PO _q0_4() q0
PO P = 0 = = poal) =10~ 1o 10)/00) ©)

we get
ooy N <C po/mf X8 02141 | a0y o/
(HXB 2i17) || ()/0)' /0’ ) B (}B 0, 27“ \) ( L@()/90) )
=C < >p0/q09 ¢ (0,2/+17) ” (70/P0)(a(-)/49)’
B (0, 27“ )| L0/ 70)a() /)
< >p0/q0 HXB 0,2/+1y )”L (p(-)/po)’
2]+1 ‘ Y

Since 6 € [1,00) and py < qo, we find that

: o\ Po/qob
Gy ey u (2H17) ™ )

[ee]
(1‘—1 ”?CB(o,zj+1r)”L«q(-)/qo)'/e)' u(r) o0

. po/q00
- i X0 | (@rrapr ey u(i+1r)a00 ) 770 o
= ||XB(02J+1 )”L<<q<>/qo>’/0> u(r)o8
B i \B ]| po/fof HXB(02J+1 )”L ()/po) U (21+1r)p°
S\ [B(0,271r) | IxBon ooy ulr)Po

Forany h € £b ;| 4/ With supph C B(0,7), we have = L6400 1 (501 /q0) 0 According to
(3) and (6), we get ui? ¢ LW ((4(:)/40)'/6) [10, Theorem 3.1] guarantees that there exist a family
of blocks {d]-} %1 C L0500 1 170070 and

: 0
X80 1 ; cacrragrrey u (2717)™

HXB(027+1)”L Graorsey u(r)aol

such that

M (%) i

Since 6 € [1,00) and pp < go, we find that

(e
0 0
(Mg h)Fo/90 < Y ’,),].’PO/% ‘dj’l’o/% )
j=1
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.|po/qo(9}]f";1H€1 < Cp. Since {d]-} °, C gbuqog (1/q0)' 0, (B) asserts
{‘djypo/q()@} C Sbupo LOp0) Definition 7 yields
| (Mg )P/ 0] < Cp. 7)

WPo L) /)

Since g € MP(.),M, Proposition 1, (4) and (7) guarantee that

q0/ Po
/n )| |n(x) | dx < C/n ()] Mg h(x) dx < </1R" \g(x)}pO(Mgh(x))Po/% dx)

g0/ po

< H|g|poH‘70/P0 o

(Mg h)Po/0 <Clglf

LMy

p
)/pout0 W20, () /)

By taking the supremum over h € £b 1, we get

uio,1.a(-)/490)

sup [ 1FG0)| ") dx < Cligl

NELO go0,1a() /o)

Proposition 2 yields [f|7 € LMg(.y,q 0. Consequently, f € LM,(,),. Finally, Proposition 3
assures that

A eanyey. = NP e S Clglia

O
We use the above result to establish the mapping properties of the fractional integral op-
erators on the Hardy local Morrey spaces with variable exponents. Theorem 6 can also be
modified to apply to the fractional geometric maximal functions [21].
We now ready to establish the mapping properties of the fractional integral operators on
the Hardy local Morrey spaces with variable exponents.

Theorem 7. Leta > 0, u : (0,00) be a Lebesgue measurable function, p(-) € C'°8 (R") with

0<p- <ps <ocoand . .
o
—————=—, xeR" (8)

) qlx) n

p(x
If there exist A € [0, p% - ) and C > 0 such that for any r > 0,

u(2r) < C2"u(r), )
then there is a constant C > 0 such that

Proof. According to (8), we have —— > 2. Thus, A <3 o guarantees that there existsa 6 > 1,
such that for any fixed go € (0,g- ) we have

q0

o
—+1-— A<l 1
o, + D + oA < (10)
Let pg be selected such that
o1 _«
po Qo n
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Therefore,

1 1 a 1 1

- - m o opo Qo
Since qo € (0,q-), we find that po € (0, p-). Additionally, - > L — - = - — L, which
gives pi < qg 0’720

Furthermore, we find that o7 +1 = %. Consequently, (10) gives

90 _ 90 4 gor < 1.
Po P+

That is,
1-— Po + Apo < Po
P+ qo0

In view of the above inequality and [11, Theorem 8.1], we are allowed to select a 6 > 1, such

that (q(-)/q0)' /6 € B and

Po Po
1-— + Apg < 11
P+ Po gob’ ()

Since p(-)/p— € Cl°8 (IR"), [12, Corollary 4.5.9] ensures that whenever |B(0,r)| > 1 or
|B(0,2/1r)| < 1, we have

”XB(O 2j+1y ) H ()/pg) Czjn/(ﬁ+/l90)/_ (12)
HXB 0,7) H ()/po)

In addition, [12, Corollary 4.5.9] also asserts that whenever |B(0,7)| < 1and |B(0,2"1r)| > 1,

we have .
X021 o |B(0,271) | (/o)

- }BOT‘ (()/Po)

X80 (v 7007
where (p(0)/po)’ denotes (p(x)/po)’|x=0. We have
‘3(0,2]41 )‘1/(1%0/#70 < |B(0, i +1, )‘1/((p(~)/po)’)7’
\B(O,r)\l (p(0)/po)’ > [B(0,r ‘ /((p()/po))-

That is, in this case, we also have (12).
Consequently, (11) asserts that

/900 .
) (M Po/4qo0 ||XB(0,27+1V)|’L(P(‘>/PO)/u<2]+11’)p0
)|

]‘_Z; ‘B(Oz 2+1y ||XB(0,r)”L(P(<)/p0)’ u(r)ﬁo

<cYy o—jnpo/qobojn(p+/po) 9jnApo
=1

<C izj”((*PO/‘]OQ)JA*(PO/P+)+)‘PO) <Gy
=1

for some Cp > 0 independent of > 0. That is, (3) is fulfilled.



200 Ho Kwok-Pun

Forany h € £b yand f € HLMEY, (7) yields

udo,1.(a(-)/90

(/n }M]:f(x)‘po(Mgh(x))PO/‘io dx)qO/po

/
< H |M]—'f|p0 HZ%\/Ii?.)/po,upo

< CILMEfllfhy, ), = CIFIE,

qo/ po

M, })Po/ 90
(Mg h) .

uPo L(P()/po)’

Hence,
HLMEY < N HP (Mg h)Po/10). (13)
heLb 4o La()/a0)

Since 6 > 1, [14, Theorem 9.2.8] guarantees that Mgh(x) € A; C A. By applying
Theorem 1 with v = (Mph(x)) P/ e get

1/po

1/40
(/IR (MFLf(x)) " Mg h(x) dx> < c0</w | My f(x) [P (Mg h(x)) P dx> . (14)
Since (13) and (14) guarantee that (4) is valid for the set
Fo= {(M;I,xf,/\/lpf) L fe HLMZ(')},

Theorem 6 yields a constant C > 0 such that for any f € HLM}, ) we have

1afll o) = IMELA a0 < CUIMEF s = ClEN -
U

Particularly, when a« > 0, p(-) = p, p € (0,1], is a constant function and u satisfies (9) for
some A € {O,% - %), then I, : HLM,,,, — HLM,,, is bounded, where % - % = .
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Mu BcTaHOBAIOEMO BAACTMBOCTI BiAOOpaskeHHs ApOGOBIX iHTeTpaAbHIX OIepaTOPiB Ha AOKaAb-
HUX IIpocTopax Xapai-Moppi 3i 3MiHHMMM OKa3HMKaMI 33 AOIIOMOTOIO Teopii eKcTpamoAsiii. Ao-
KaAbHi ipocTtopyt Moppi 3i 3MiHHMMM TIOKa3HMKaMMU € y3araAbHeHHSIMI Ta PO3IIMPEHHSIMI AOKAAb-
HuX npocTtopiB Moppi, mpocTopis Aebera 3i 3MiHHMMYM MToKasHMKaMy i pocTopiB Moppi 3i 3MiH-
HVMI TIOKa3HMKaMI. AOKaAbHI IIpocTopu Xapai-Moppi 31 3MiHHMMYM IOKa3HMKaMM — Iie IPOCTOPM
Xapai, mobyaoBaHi Ha AOKaABHUX IpocTopax Moppi 3i sMiHHMMYM moxasHvMkaMy. Hamr roaosrumi
Pe3yABTaT PO3IINPIOE Ta Y3araAbHIOE BAACTMBOCTI BiAOOpakeHHsI APOOOBIX IHTErPaAbHMX OIepa-
TOpPIB Ha MpocTopax XapAi, AokaabHUX IpocTopax Moppi, mpocTopax Xapai 3i 3MiHHMMM IOKa3HU-
KaMM i AOKaABHMX IpocTopax Moppi 3i 3MiHHMMM HOKa3HMKaMn. My OTpUMyeMO Halll TOAOBHMI
Ppe3yAbTaT, pO3IIMpIooun Teopito excrpamoasii X.A. Py6io ae dpaHdia A0 AOKaABHIMX IIPOCTOPIiB
Moppi 3i 3miEHNMMY ToKasEVKamm. Lleit MeToA criouaTky 6yBs pospobaermit X.A. Py6io ae ®paruia
AASI 3BaXKEHNX ITPOCTOpiB Aebera, a HEIIIOAABHO 10r0 6YAO pO3IIMPEHO AO PSIAY (PYHKIIIOHAABHIMX
MPOCTOPiB, TaKMX sIK IpocTopy Moppi 3i 3MiHHMMI HOKa3HMKaMM, AOKaAbHI ImpocTopy Moppi 3i
3MIiHHMMI TIOKa3HMKaMu i mpoctopu Moppi-banaxa. AaAi My IOIIMPIOEMO J10T0 Ha AOKaABHI ITPO-
cropu Moppi 31 3MiHHMMYM IIOKa3HMKaMI. BUKOPHMCTOBYIOUNM BAACTMBOCTI BiAOOpaskeHHS APOOOBMX
iHTerpaAbHMX OIlEpaTOpiB Ha 3Ba’KE€HMX MIPOCTOpax XapAi, MM BCTaHOBAIOEMO BAACTMBOCTI Biaobpa-
KeHHSI ApOOOBIUX iHTeTpaAbHMX OIEPaTOpiB Ha AOKAABHMX IIPOCTOpax Xapai-Moppi 3i sMiHHMMYI
MTOKA3HUKAMMA.

Kntouosi cnosa i ¢ppasu: ApobOBIIT iHTErpaAbHMIL OIlepaTop, MPOCTip XapAi, AOKaABHMIA IIPOCTip
Moppi, 3MiHHIIE TOKA3HMK.



