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Convergence and simulation of centred kernel quadratic
stochastic operators

Bartoszek K.1, Putka M.2

In this work, we consider a class of centred kernel quadratic stochastic operators. We prove that
in this class a centred kernel quadratic stochastic operator convergences almost surely and in L2 with
an exponential L?-rate to its limit distribution. We propose an approximation scheme for this class
of quadratic stochastic operators and describe three algorithms for simulating them. We consider in
detail an example where the kernel is a Guassian one.
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Introduction

The theory of quadratic stochastic operators has its origins in the work of S.N. Bernstein [6].
Such operators were introduced to describe the evolution of a discrete probability distribution
of a finite number of biotypes in a process of inheritance. Since then the theory has developed
in many different directions. A comprehensive overview of results and open problems in this
domain can be found in [9, 10].

Quadratic stochastic operators may be considered as a first step in the generalization of
(classical) linear Markov chains. In comparison to linear operators, the long-term behaviour
of the iterates of the nonlinear ones, is not well understood. Many works were devoted to the
study of asymptotic behaviour of quadratic operators (see, e.g., [1,2,12,14]). In [2], weak sta-
bility of the so-called centred quadratic stochastic operators was considered. Some exemplary
sufficient conditions for the existence of a weak limit were given. In this work, we comple-
ment [2] with a study of a subclass of centred kernel quadratic stochastic operator, where we
have above the weak convergence (we refer the reader to e.g. [7] for background on weak con-
vergence), almost sure (a.s.) and L? convergence to its limit distribution. Furthermore, we
are able to make precise statements about the rate of convergence. Finally, we provide three
algorithms for simulating the behaviour of its iterates.
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1 Basics on quadratic stochastic operators

Given a separable metric space (X,.A), where A stands for the Borel o-field, let
M = M(X,A,| -|rv) denote the Banach lattice of all signed measures on X with finite
total variation, where the norm is given by

|E|lTy := sup {) /Xf(x)dF(x)) : f is A-measurable, sup |f(x)| < 1}.

xeX
By P := P(X, A), we denote the convex set of all probability measures on (X, .A).

Definition 1. A bilinear symmetric operator Q: M x M — M is called a quadratic stochastic
operator on M (QSO on M for short) if for all F;, F, € M, F;,F, > 0, and any A € A we have

Q(F, K)(A) >0 and ||Q(F, B)||.y, = IFllrvlEl v
The QSO Q on M is called a kernel quadratic stochastic operator if there exists an
A ® A-measurable doubly-indexed family G = {G(-;x,y): (x,y) € X*} C M of probability
measures on (X, A) such that for F;,F, € M,G € G we have

Q(Fy, ) (A) = /XX G(A;x,y)dF) x Fa(x,y) forall A€ A.

The family G is called the kernel of Q.
< |RlrvlElrv for all F,F € M.

Clearly any QSO Q is bounded, as HQ(Fl,Fz) HTV <
Moreover, Q(P x P) C P. Let My = M (u) be the Banach sublattice of M of all finite Borel
measures on (X, A), absolutely continuous with respect to a fixed positive o-finite measure y,
and let Py be the set of probability measures in My, i.e. Py = P N M. Hence My = L!(u)
and Py is the convex set of all probability densities with respect to y. We notice that if Q is a
kernel QSO with G(+;x,y) < p forall x,y € X, then Q(P x P) C Py.

QSOs play an important role in evolutionary biology. Roughly speaking, the set X is un-
derstood as the space of random values of traits in a population and elements of P repre-
sent the admitted single generation probability distribution of the trait. The model of her-
itability is constructed with the use of QSOs in the following way. If F;,F, € P describe
the trait distributions in two different populations, then Q(F;, F,) € P describes the distri-
bution of this trait in the next generation coming from the mating of independent individu-
als, one from each of the two populations. Special attention is paid to a nonlinear mapping
P > F — Q(F) := Q(F,F) € P. Here Q(F) represents the probability distribution of the
offspring’s trait, when F is the law of the parents. In this simplified model the iterates Q" (F),
where n = 0,1,2, ..., represent the evolution of the probability distribution of the X-valued
trait of an inbreeding or hermaphroditic population with F as the initial distribution. The
reader is referred to [2] for a detailed explanation of the model.

The long-term behaviour of QSOs has become a subject of study. Different types of strong
asymptotic stability of kernel QSOs were introduced and intensively examined in [5] on ¢!
space and then extended to the My space in [4]. In [2], special attention was paid to weak
convergence of QSOs.

Definition 2 ([2]). Given a complete separable metric space (X, A), where A stands for a Borel
o-field, let M denote the Banach lattice of all finite Borel measures on (X, A) and let P be
the convex set of all probability measures on (X, A). A QSO Q on M is said to be weakly
asymptotically stable at F € ‘P if the weak limit of the sequence of values of the iterations of the
diagonalized operators Q at F exists in P (we use the notation w-lim, . Q"(F) € P).
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2 Centred kernel quadratic stochastic operators

For further analysis, we restrict our attention to a subclass of the so-called centred QSOs.
Let X = R. Consider the Banach lattice M := M (R, B(RR)) of all Borel measures on R with
finite total variation and denote by P the convex set of all probability measures on (R, B(R)).

Definition 3 ([2]). Let G € P. A kernel quadratic stochastic operator Qs with the kernel

Gg = {G(-;x,y) =G < - x—;y) :(x,y) € R x ]R}
is called a centred kernel quadratic stochastic operator (CKQSO for short) with perturbation G.

For the convenience of the reader in what follows we recall some useful results from [2],
which are fundamental for our further considerations. This brief introduction also serves to
fix notation. First, we give the formula for the density function of the CKQSO.

Corollary 1 ([2]). Let F;,F, € P and let G € Gg. If F;, F, and G are all absolutely con-

tinuous with respect to the Lebesgue measure A, then their densities are f| := %, f2 1= %,
g = ‘é—(j € L! and we can write the density associated with the CKQSO Qg as
d _ xX+y
aQG(FlrFZ)(Z) = /IRd - fi(x)f(y)g (z T) dxdy, zeR. (1)

The density (1) corresponds (see [2, Proposition 1]) to a random variable that can be repre-
sented as

7 —

X X
1; 2—|—Y,

where X; ~ Fj, X ~ K, and Y ~ G (simplifying notation, by G, we mean the “canonic” dis-
tribution G(-,0,0) € Gi). As mentioned before, we pay special attention to the corresponding
nonlinear mapping

M > F— Q¢(F) := Q¢(F,F) € M.

Once again we emphasize the meaning of Q¢ in modelling the heritability of traits of an in-
breeding or hermaphroditic population. The formula (1) justifies the interpretation, that Qg
describes the probability distribution of the offspring’s trait that is equal to the additively ran-
domly perturbed arithmetic mean of the parents’ traits, when the mating individuals are cho-
sen independently. We hence focus on the iterates Qf, where n = 0,1,2, ..., which represent
the discrete time evolution of probability distributions of the trait.

Let F € P, G € Gg. Denote HY = QF(F). We are interested in the asymptotic stability of
the CKQSO Qg at F. We write H = w-1limy, 0o H@, whenever the weak limit of H@ exists

. a.s. L2 - q- .
in P. We also use —— and —— to indicate a.s. and L? convergence, respectively.
n—o0 n—oo

Theorem 1 ([2]). Let F € P and G € Gg. Let X1, X, X3,... and Yl(o), Yl(l), Yz(l), Y(Z)

‘ 1 e
y? yY YV, ... be independent sequences of random variables such that X;, Xp,

PRUTERV ORIV S
X3, ... are independent identically distributed (i.i.d. for short) according to F and Y(O), Yl(l),

Yz(l), Yl(z), . Yf), . Yl(j), e Yz(}), ... are iid. according to G. Then, for every n € N, we
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have that H® := QU (F) is the probability distribution of the random variable
79 .= xP 1 y? @)

where

X@_ X1+X2+...+X2n
= o ,

The following theorem gives example sufficient condition for the weak asymptotic stability
of CKQSO.

Theorem 2 (special case of [2, Theorem 3]). Assume that the expected value and variance
associated with F € P are m < oo and vr < oo, respectively, and the expected value and
variance associated with G € G¢ are 0 and v < oo, respectively. Then

H = w- lim H@.

n—oo

As mentioned above, the iterates of centred kernel quadratic stochastic operators can be
associated with a random variable that has an explicit representation as a sum of an expo-
nential number of independent random variables. This allows for exact simulation from their
laws, controlled approximate simulation from their and the limit laws and control over rates
of convergence. We focus on the “diagonal” CKQSO, i.e. assuming that F; = F, = F. We
further assume that both F and G have finite second moments, with variances vr and v, re-
spectively (while finite second moments are sufficient for weak convergence to hold, they are
not necessary, an alternative sufficient conditions are considered in [2]). We are interested in
the convergence of the distribution H? = (Qg)"™(F) to H = w-1limy 00 (Qg)"(F). But in
fact, in the following theorem, we strengthen Theorem 2 to a.s. and L? convergence of random
variables associated with the QSO (Q¢)"(F). We will use the notation for functions f, g that
f € ©(g) if f/g = constant > 0.

Theorem 3. Assume that the expected value and variance associated with F € P are m <
oo and vr < oo, respectively, and the expected value and variance associated with G € Gg

are 0 and vg < oo, respectively. Let 7% ~ H@, be the random variable associated with H®
2
from the representation given in Theorem 1. Then, Z@ % Z, where Z ~ H, and the
n—oo
convergence rate is © (2_”/ 2) in the L? metric.

Proof. By the strong law of large numbers we have that

X@ as. m,
n—00

where E {X@] = m and Var {X@] = 27 "vf. For convenience, for j = 0,1,2,. .., we introduce
the sequence of random variables

U= (W + v+ +)) 2,
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and we have that E [U;] = 0, Var [U;] = 27/vg. Asboth ¥ E [U;] and ¥ Var [U}] are finite, we
have almost sure convergence (cf. [11, Theorem 2])

n—1 00
Z(:) u; = Y® 2=, YO = [éu
]: ]:

P
with
Var {Y®} — 0 nfz—f - (2 2~ (n 1>) v — 20¢
i=0
Hence, ]
Z% 2, 7® iy,
P &

and we can represent
7® - XY@ pem gl
where € = m — X@, and el = Y. Uj. We look at the L? metric and, as both €/" and € are

J=n
mean zero and independent, we have

E”Z—Z® :E{

Calculating each term separately we have

d

2
u2

m u
€, + €, n

€

2] —E [l +E

2
e

Var {(—:u] Y Var [Uj] =05 )2 ve2~ (1)
j=n

j=n
and
E [\e,’f]z] =ovp2 ™"
Taken together the L? distance will be
i, (z@, z) — (vp +205)27".

0

Remark 1. In [2], only weak convergence of measures was considered. Here, we have a sim-
ulation oriented perspective, and hence the pointwise and L? convergence with rates are of
more interest. However, we can notice that from the proof of Theorem 3 we can immediately
obtain convergence in the Wasserstein-2 distance

dyy, (H@, H) — inf 'yel"<H® H) Ix — y[2dy(x,v),

where I (H@, H) is the set of all couplings between H® and H. We notice that due to

the a.s. convergence the coupling 7® and 7% + e + €Y will be the optimal one and

a2, <H@, H) —E Uz — 7%

2
= (0p +20G)27".

Convergence in the Wasserstein-2 distance will imply w-1imy_co HY = H (cf. [8]).
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Using the notation introduced in the statement and the proof of Theorem 3 we easily get
the following result.

Theorem 4. Let N = N(«, ) be the required number of iterations so that for any n with
probability « the random variable

deviates from Z% and Z by at most §. We have the upper bound

N(a,6) < log <4max((;)§,27jc)> _

Proof. For a given n, take N < n. Using Chebyshev’s inequality we directly obtain

P(‘X@—m‘ >5/2) _4;’2F2 "<4§’2F2 N

and
n—1

(g

Solving for a given probability « we obtain

896G (N - 8uG, N
6/2 27N 27" —2
; > /> ( ) 252

N(a,8) < log <4max{vp,20(;}> '

6
Ol

Notice that for the approximation described in Theorem 4 to be valid one needs n to be

large. The ”X®” component of Z® is approximated by the constant m, i.e. the initial popula-
tion is assumed to be constant at its mean.

3 A Gaussian CKQSO example

We will consider here in detail a CKQSO Qs with a Gaussian kernel N defined by its

density

%(';X,y):%exp <—(-—(x+y)/2)2>, (x,y) € R x R. 3)

The resulting CKQSO Q  in its density representation (1) is

QN(FLFZ //f1 )f2(y \/——exP (—(z—(x+y)/2)2) dxdy, z€R, (4)

where F,F, € P and f; := %rﬁ = %
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Theorem 5. For any initial, finite mean and variance F € P, the CKQSO Qs of the form (4)
converges to a Gaussian distribution with the same expected value as the one associated with
F and unit variance.

Proof. By Theorem 3 we know that 79 converges a.s. and in L? to Z. Therefore, conver-

gence of the characteristic functions will suffice for finding H. Denote @(s) := e=s"/4 (the

“canonic” distribution in Gys), and then the characteristic function of the limit of the CKQSO
ith kernel i

Qs with kernel A € P, (pH(s), is

e 0]

GDH(S) =™ T] (90/\/ <%) >2j, seR.

j=0

The product form comes from [2, Corollary 1]. The first part of the product, ¢/ comes from

the strong law of large numbers applied to X@, and the second, infinite product, is proved
in [2, Theorem 3]. Exploiting that the kernel is normal, i.e. the form of ¢ s, we obtain

ims = 5 ? ims = — 152 /02 2 ims—3s2
qu(s):e H (PN<E) =e H(64 ) =e 2, s€eR,
j=0 j=0
which is the characteristic function of a normal N (m, 1) random variable. O

Corollary 2. If both F; € P and F, € P are Gaussian with finite means (my and my, respec-
tively) and variances (07 and 03, respectively), then Qs (F;, F,) will also be Gaussian with
mean value (my + my) /2 and variance (07 /4 + 03/4+1/2). Q) is mean preserving. Any
unit variance normal distribution F € P given by

dF
(1) = f(x) =

1 2
exp | —(x — /2), x€R,
e P ( (x —p) )
is a fixed point distribution of Q .

Proof. The characteristic function of Qu(Fy, F>), where ¢r,, ¢F, stand for the characteristic
functions of F; and F,, respectively, is (see [2, Proposition 1])

PQ\(FLE)(5) = ¢ G) ?F, G) on(s), seER.

Using that F;, F; and NV are all Gaussian, for s € R we obtain

PO (FLE) (S) _ eimls/Z—Uizsz/Seimzs/Z—szsz/86—52/4 _ ei ((m1+mz)/2)sf <012/4+022/4+1/2) 82/2‘

This is the characteristic function of an N ((my + my)/2, (07 /4 + 03/4 + 1/2)) random vari-
able. One can directly verify that Q  is mean retaining. If we take F to be N (m, 1), then from
the above it follows that Q/(F) is also AV (m, 1). Hence for any m < co we have that A/(m, 1) is
a fixed point of Q. O

We know from Theorem 3 that, for any initial distribution F, Z% ~ H% will converge
exponentially fast to the Gaussian limit. As Theorem 3 provides an exact L? convergence rate,
exploiting the Gaussian form of the kernel will not improve this. However, it will allow for
exact derivations in other metrics — the L! and Hellinger distances.
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Theorem 6. Assume that F is a normal N (m,vg) distribution. Then in the Hellinger dis-

tance dy we have
1
dy <H@, H) ~ 7 lop =127

and in the L, distance

Hh/@ - hHl = 2op 1 <c1>(1) _ %) 210 (2,

where h%, h are the densities of the normal distributions, and ® stands for the standard
normal cumulative distribution function.

Proof. We know that H% is N/ (m, 1— 5+ vﬂ‘”) and H is M(m,1). We first consider
the Hellinger distance between the two normal distributions with the same mean (see, e.g.,

[13, p. 46 and 51])
2010
dz 7 2 7 7 2 )Zl_ 172 7
H<N(P‘ ‘71)/\/(# Uz) ‘712+‘72

and then in our case d%{ <H@, H) becomes

HRs| =

1
_ (r-1) \*\'
=1- <1 - (#5s) )

and using the Taylor expansion around 1 we further obtain

® vp—1 2 vp—1)2~_2p

1+172%+UF27" - 92n+2 (1+(UF_1)27(71+1)

1— 2\/1-gr+op27" 1 ( 22’1+2(1+(vp—1)2”))2>

and hence

dry <H@, H) S

If we consider now the L! norm, we first need to find the point ty > 0 such that

h%(to) = h(to). Due to symmetricity around m, there will be two such points, and we
take the one greater than m. Without loss of generality we take m = 0, as the mean is just re-
sponsible for the location, and will not affect convergence. Denoting 0, = /1 + (vp — 1)27",
we write

o132 = L /e
On

then transform
1 _1
2=[(1-=) 21
0 < a%) o8

and finally obtain

to = 41/ (1+ (0F — 1)7127) log (1 + (o —1)277).
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Now, denoting by ®,, the cumulative distribution function of H@, plugging in the above value
for tg, and denoting ,, := (vr — 1) 'log (1 + (vp — 1)27"), we get
@
hy — hyy 5 5
‘ < (1+ (vp —1)~12")log (1 + (vr — 1)2‘”))
=4|P
(1+ (vp—1)271)

=2 ‘CDn(to) L D(tg) + ! +1—P(tg) — 1+ Py(to)

1

— c1><\/(1 + (vr —1)712")log (1 + (vF — 1)2—”)) ‘

@ (VL) - @ Wz" (14 (op — 1)2- >cn).

The standard normal cumulative distribution function can be Taylor expanded as

=4

2= 3+ = Ly Sk
2" o (2j +1)!
Using this we write that hg\@/ - h‘ equals
1
0o n ZH 00 n _n 2j+1
4 |12 Y (2%Cn) > (2 (1 or-127) ) y (2" (1+ (vp —1)27") Gp) 2
V2 = @+ - 2/ +1)!!
— —12” . < ng )Zj —e — 1 (vp—1)Cn on 1+(Z) 1) 2’“)
F— g .
\/27r ];) 2]+1 ! " (2" ( ") Cn)
We notice that

210y =1—(op =127V 40 (272) =1+ 0 (27")
as by Taylor’s theorem
tlog(1+1/t)=1—1/(2t)+0O <t—2) , t— oo,
and also (as for n large enough we have |(vp —1)27"| < 1)

— o 1:—1)2 (n+1)_|_o<2 3n).

> 2j+1 » . A
Y. ﬁ <(1 +O@27) T — D@ HeR ))(1+®(2n))212+1>
j:O .o

This allows us to write

4 taree)

V2n

which asymptotically behaves as

(\/%e% ( é ﬁ) + @(2”)> \1 _ 2o (270(27)) )
= <4 <CI>(1) - %) + 0 (2”)) ‘1 - e*%(vﬂ)(f”@@*z”))’
(

4

1

200 — 1 <q>(1) = 5)) ™ +e(2) co ™).
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We have obtained an exact constant 2|vp — 1| <CI>(1) - %) in front of the leading exponential

term of Qs convergence in the L! norm. O

Remark 2. A very important case is when the initial population is distributed according
to 6x,. This is actually biologically relevant as very often a new population starts off from a
small number of individuals with very little variability between them. This can be caused
by a mutation in some individuals that makes them distinct from the whole population and
makes them a new species or allows them to fill up a new environmental niche [15]. From

the perspective of Theorem 6 this means setting vr = 0 and gives Z% ~N <x0, 1-— 2%), and

Z ~ N (x9,1), resulting in

dy (H@, H) ~ 2 (),

and

-1

—2 <q>(1) . %) 27" 4+0 (27).

1

4 Simulating QSOs

A “diagonal” QSO can be viewed as a model describing the evolution of a hermaphroditic
population. Hence, sampling from the laws described by the QSOs is useful both for illustra-
tive purposes and Monte Carlo analyses of the systems. In principle, one could calculate what
Q"(F) is and sample from the resulting law. Unless there are special cases, where each iterate
of the QSO can be analytically found, one would have to resort to numerical methods. These
are subject to rounding errors, that can accumulate as n increases. Hence, in [3], a “population-
type” approach was proposed, see Algorithm 1 below for any (on L; x L or #; x ¢1) kernel
QSsO.

Algorithm 1 Simulating Q(g)
Draw N independent individuals according to the law of g and call them Py
fori =1tondo
Pi =y
forj =1to N do
Draw a pair (x;,y;) of individuals from population P;_;
Draw an individual z; according to the law of Q ((5x]-, 5y]-) =q (x]-, Yis )
Pi = Pi U {Z]}
end for
end for
return Py, Py, ..., P,

In [3], Algorithm 1 was explored for QSOs acting on ¢; X ¢;. An observed problem was
that if there are multiple invariant distributions, then the population started from an invariant
distribution can easily switch (to the proximity) of another one. A particular striking example
in [3] was the identity operator. No matter what the initial value ¥ was, each trajectory would
end in a state, where exactly only one coordinate of the Q" (¥) had non-zero probability. Taking
multiple repeats could alleviate the problem, but our point is that looking at a single, even very
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long, trajectory from Algorithm 1 can be misleading of the properties of the QSO, especially
when the aim is to characterize the limit.

Notice that Algorithm 1 only assumes that the QSO is a kernel one. A more effective algo-
rithm can be proposed if more is known about the QSO. In particular, the sum representation
of (2) for a CKQSO allows for direct simulation from its law, by drawing an appropriate (ex-
ponential in terms of n) amount of independent random variables distributed according to the
laws of F and G. We describe this in Algorithm 2.

Algorithm 2 Exact sampling from QF, (F)

Draw 2" random values from the law of F and denote this set {X3,..., Xon}
x® — o (Xq 4+ Xon)
forj=0ton—1do
Draw 2/ random values from the law of G and denote this set {Y1,...,Y,;}
U] = %(Yl—}—...—}—yzj)
end for
@ n—1
return X~ + ) U;
j=0

Even though exact, the procedures in Algorithm 2 requires an exponential number of ran-
dom variables, which can be prohibitive. Furthermore, it does not allow for sampling form
the limit QF (F), as this would require an infinite number of values to be drawn. However,
Theorem 3 assures us of exponential convergence, hence we can hope for reasonable approxi-
mations with only a few iterations. In fact, based on Theorem 4, that explicitly takes advantage
of the a.s. convergence of Z@, we can propose Algorithm 3 (we use a marginally better upper
bound for N that can be extracted from the proof of Theorem 4).

Algorithm 3 Approximate drawing from Q{; (F)
R 4 8
N = [log (max {3, sriemc ) |
forj=0to N —1do
Draw 2/ random values from the law of G and denote this set {Y3,..., Y}
U] ::%(Yl—i-...—i-Yzj)
end for

N-1
returnm + ), U;
j=0

Remark 3. If Algorithm 3 is used with the purpose of sampling a population of K individ-
uals from QL(F) (QZ(F)), then it does not suffice to choose a small « independently of K.
This is akin to the multiple testing problem: with K large enough just by chance we will ob-
serve an event of probability «. Therefore one way is a “Bonferroni” correction: if on the
individual level we want an error with probability «, then in Algorithm 3 we need to take a /K
instead of .
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Figure 1. Simulation using Algorithms 2, 3, and 1 with the CKQSQO’s kernel given by (3). Initial
population size N = 1000 (Algorithm 1), and the histograms are for iteration n = 20. Algorithm 3
used 4 = 0.01 and & = 0.01, resulting in 16 iterations (or 20 without Bonferroni correction). Initial
populations are drawn from:

in top row: exponential distribution with mean values (left to right): 0.1, 1 and 10;

in middle row: normal distribution with mean value 0;

in bottom row: normal distribution with mean value 1.

In the case of the middle and bottom rows the variances are (left to right): 0.1, 1 (fixed point) and 10.

In Figure 1, we illustrate the behaviour of Algorithms 1, 2, and 3 on the Gaussian CKQSO
of (4). Then, in Table 1, we present the first and second moment of the simulated samples. We
consider both normal and exponential initial distributions, with variances lesser than, equal
and greater than the “stationary” variance 1. We take a sample of 1000 and look at genera-
tion 20 (more will start to be prohibitive for Algorithms 2 and 3). In all cases we can see that
the mean is close to the mean of the initial distribution, and that variance is close to 1. We can
clearly see that Algorithm 1 fares the worst (given the sample size and generation). The sample
density is the furthest away from the exact one, which visually resembles A/ (0, 1). This is most
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F Algorithm 2 Algorithm 3 Algorithm 3+B Algorithm 1

m V. pKS| m V. pKS| m V. pKS| m vV pKS

Exp(10) | 0.09 1.07 0.67| 0.11 098 0.99|0.08 092 0.76| 0.19 1.02 0.03

Exp(1) 1 09 097| 1.07 1.05 0.07|1.02 1.05 0.16 | 1.01 0.98 0.84
Exp(0.1) | 996 1.07 0.59|10.03 1.02 051/999 1 0711041 095 0
N(0,0.1)| 0.04 1.04 0.1 | 001 1.01 064|001 1.03 09 | 011 1 0
N(0,1) |—0.03 093 02 | 0.02 1.04 0.58(0.02 1.02 058| 0.15 112 0
N(0,10) | —0.01 0.96 0.91|—0.01 0.89 0.7 |0.03 0.98 0.41|—0.45 1.04 0

N(1,01)| 1.02 096 082| 095 095 0.11| 1 1.04 076| 1.02 1.02 0.74

N(1,1) | 098 097 0.62| 094 1.03 0.01|1.02 0.97 0.53| 092 1.01 0.01

N(1,10) | 097 1.07 0.62| 1.03 1.1 0.04[0.99 1.02 0.72| 1.02 0.97 0.79

Table 1. Moments of the simulation by Algorithms 1, 2, and 3 with the CKQSO’s kernel given
by (3) at generation n = 20. Algorithm 3+B means that the “Bonferroni” correction was used. The
column m is the sample mean, V is the sample variance, and pKS is the p-value of the KS test. The true
variance at generation n = 20 is approximately 1.

clearly seen in the p-values of the Kolmogorov-Smirnov (KS) test (ks. test () in R) presented
in Table 1. The population’s distribution was compared with N (y, 1), where y is the expecta-
tion of the initial distribution F and hence of the distribution at each generation. In most cases,
the sample distribution by Algorithm 1 differs significantly from the asymptotic, unit variance,
Gaussian, distribution. All the runs by the other algorithms have p-values greater than 0.05.
Two simulation runs have a p-value of 0.08, however, with so many independent simulations
this can be explainable just by chance.
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Figure 2. [llustration of accumulating bias in Algorithm 1’s simulation, under the CKQSO with (3)
as its kernel and initial distribution N'(0, 1) (fixed point).

Left: sample average as function of the generation.

Centre: p-value of the KS test vs. A/(0,1).

Right: p-value of the KS test vs. N'(¥, 1), where ¥ is the population average.

Both approximate Algorithms 1 and 3 have their advantages and disadvantages. The main
advantage of the latter is speed (provided the required n does not become prohibitive). One
just has to simulate i.i.d. values from a known distribution G. This is as we approximate
the initial distribution by its mean value, indicating that this will work only when 7 is large,
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i.e. many iterations have passed and only information on the expectation of the seed remains.
On the other hand, we can control the required n very precisely as we know F and G. In Theo-
rem 4 we used Chebyshev’s inequality. Based on Theorem 3 we can only hope for improvement
in constants for specific pairs of distributions. We also have exponential convergence in distri-
bution (Theorem 3) as iterations of the operator cause an exponential growth of the number
of “independent components” describing the law of Qf.(F). The leading constants are not
large and the example simulations showed that (in these cases) a small number of generations
suffices for approximations that are not significantly (by the KS test) different from the limit.

Algorithm 1 allows one to simulate a whole population evolving. This is an advantage
if one wants to visualize the evolution. On the other hand, if one is just interested in the
law of Qf(F) or QF(F), then the need to simulate a whole history can be overly lengthy.
This algorithm does not require the drawing of a large number of random variables but has
another problem which we can see in Figure 2, larger and larger deviations from the true
distribution. In a computer simulation we cannot have an infinite population size, only a
finite number of individuals is admissible. This means that after iterations of mixing, more
and more dependencies will be appearing in the population. In fact, we can see in Figure 2
that the sample average resembles a random walk, with larger and larger deviations from the
theoretically true expectation. Already in Table 1 we can see for starting Gaussian populations
with unit variance (that are invariant under our Q) in the last column that even with 20
generations, the KS test notices significant deviations.

One can actually think that all of the above issues, especially the exponential number of
“independent components”, illustrate or rather characterize the complexity of the structure of
quadratic stochastic operators. Fortunately, one can start quantifying this complexity as we
did with Chebyshev’s bound and our results show rapid convergence for finite variance initial
and kernel distributions. On the other hand we restricted ourselves to a very specific class —
centred kernel quadratic stochastic operators. In the full set of quadratic stochastic operators
we should expect many more interesting dynamics.

Code availability

The GitHub repository https://github.com/krzbar/QSO_CTA contains R scripts,
random seeds and simulation outputs used in this work.
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Y 1iit poboTi MM PO3TASIAAEMO KAAC IIEHTPOBAHMX KBaAPATUUIHMX CTOXaCTMUHMX OIEpaTopiB 3
siApaMi. M AOBOAMMO, IO B HbOMY KAacCi HeHTPOBaHMI KBaApPaTUUYHMIT CTOXaCTUYHMI OIlepaTop
3 SAPOM MaiiKe HalleBHO 36ira€Tbesi B L2 3 eKCIIOHEHIIaABHOIO IIIBUAKICTIO AO CBOTO T'PaHUYHOTO
Ppo3noAiAy. My MpONOHYEMO CXeMy ampOKCHMMalii AAS IIbOrO KAACy KBaAPaTUUHMX CTOXaCTUMYHIX
omnepaTopiB i OIMMCYeEMO TPU aATOPUTMU AASL IX MOAEAIOBaHHS. POSrASTHYTO AeTaAbHO MPUKAAA, A€
SIAPO € I'yaCiBChKMM.

Kontouosi crosa i ¢pasu: acMMITOTMYHA CTiMKicThb, 3MilTaHVIT HeAiHiVHIIT mpomec Mapkosa,
HEOAHOPiAHVIT onepaTop MapKoBa, KBaApaTUUIHVIL CTOXaCTMUHIN OIIepaTop, MOAEAIOBAHHS.



