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Kantorovich-Stancu type Lototsky-Chlodowsky operators

Kutlu Serin S."*4, Karsl1 H.2, Tasdelen Yesildal F.3

In this study, we define Kantorovich-Stancu type Lototsky-Chlodowsky operators and obtain
some approximation properties in weighted space of these operators. Furthermore, we prove
Voronovskaja type results for the Kantorovich-Stancu type Lototsky-Chlodowsky operators.
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Introduction

In 1966, ].P. King [9] introduced Lototsky-Bernstein operator L,, : C[0,1] — C[0,1] forn € N
as follows

L) = L5 ( ot xe )

with the help of basis function a,, x(x) obtained from the following relation

ﬁ(hxx)y 1 hy(x) = kz anr(Dr, Y ER,
i= =0
@) = Y 10— h(x) (),
JUI=N, ie] ic]
Card(])=k

where I; : [0,1] — [0,1] is a sequence of continuous functions and agg(x) = 1, agx(x) = 0
for k > 0. Recently, these operators have been introduced their approximation properties
(see [15,11, 14, 1]).

The classical Bernstein-Chlodowsky polynomials have the following form

= S () ()0 2) veesn,

where 0 < x < b, and b, is a sequence of positive numbers such that

. by
lim b, = 400, —
n—o00 N— 00 n

=0.
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Kantorovich-Stancu type Lototsky-Chlodowsky operators 513

These polynomials were introduced by I. Chlodowsky in 1932 as a generalization of Bernstein
polynomials on an unbounded set. Recently, some authors have studied some Chlodowsky
type polynomials. For example, a very fine generalization of the Chlodowsky polynomials is
given by A.D. Gadjiev et. al. (see [4]). Some detailed investigations on Bernstein-Chlodowsky
polynomials may be found in [3, 6, 5]. Recently, in [10], the authors introduced the Lototsky-
Chlodowsky operators L} : B[0,00) — C|[0, 00) for n € N given by

L*(f;x) = Zf( bn>ank(lj;) x € [0, by, (1)

where a,, , = an,k(%) are Lototsky-Bernstein basis functions satisfying

n

[T (n(5)v+1-n(5)) = Zank( )y yeR @)

i=1

where

n
()= E T0-n(E) TN
Card(]):k

The approximation properties of the operators (1) can be found in [10]. In this article, the
Kantorovich-Stancu type Lototsky-Chlodowsky operators will be defined based on the Loto-
tsky-Chlodowsky basis function and Kantorovich-Stancu type operators and the approxima-
tion properties of these operators will be examined.

In 1930, L.V. Kantorovich [7, 8] introduced a generalization of Bernstein operators as
Ky : L1]0,1] — C[0,1] for n € N defined by

. k1
Ku(fix) = (1+1) Y by() /L“ £(t)dt,
k=0 n+1

where b, 1 (x) = (})x*(1 — x)"~* are Bernstein basis functions. In 1968, D. Stancu [13] con-
structed positive linear operators SuP . C[0,1] — C[0,1] for n € N by

1 k+«a
SiP(fix) = Y. bur(x)f :
" kgb ", <n + [3)
where « and B real parameters such that 0 < a < f. In 2004, D. Barbosu [2] gave a Kantoro-
vich-Stancu form as K (f;x): L1]0,1] — CJ[0,1] for n € IN defined by

k+a+1
KiF(fr) = b 1) Y bua) [0 fyar, 0<a<p
k=0 n+p+1

In the present paper, we consider a Kantorovich-Stancu version of the operators (1) as fol-

lows Ln’yﬁ L1][0,00) — C[0,00) for 0 < ¢ < Band n € IN defined by
n X k+’é+%
* n+p+
np(fix) =(m+p+1) ) an,k<b_) /k+'y f(but) dt, 3)
k=0 TR E |

where a,, () are Lototsky-Bernstein basis functions.
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1 Approximation properties of the operators L, ,

In this part, we give some lemmas which are necessary to prove our main theorems.

Lemma 1. Let x € [0,b,] and ¢;(t) = t',i = 0,1,2. Then the Kantorovich-Stancu type Lototsky-
Chlodowsky operators L, . 8 satisfy

Ly ,pleox) =1, @
L;‘;,%ﬁ(eux)—( +l3+1 (Zh(x) 2’72+1>’ (5)
and
Ly plez >—ﬁ{<§f“< >> L) 0-n()

(6)
F(2y+1) ; 1( )+7+;+7 (n+/3+1)]

Proof. We have L:t,%ﬁ (e0;x) = Y b onk <bl,,) Putting y = 1in (2), we get

T0u(5) +1-0(5.)) = Lonely)-

i=1

therefore, (4) follows.

Since
L* . _ 1 Z X Ir(zirféi%btdt
n,’y,ﬁ(f?l,X)_(n"i‘ﬁ‘f‘ )];)ﬂn,k<b_n>/f$11 n
n
X\ 2k+2y+1 2k +2y+1
bu(n+p+1) kzﬂnk<b )m—bn Z%k( >(1’l—}——[3—}—1)
- XK+ oy L
_bnkg%)an,k<bn) 1’1—}—[3—}—1 +bn2ﬂnk<b> (n—{-ﬁ_}_l)
by x v
_b"kg%)a”’k<bn) ﬁ—l—l +bn Zank<bn>(n+ﬁ—|—1)

+
+b fa (ﬁ)
"=y, n+,3+1)
by

B b, 1 x vby
- (n+ﬁ+1>,§0k””"‘<ﬁ> T B+ T2mrprD)

in view of (2), we get (5).
Finally, since

n X k+7+:1l

* n+p+
Lipplex) = (45 +1) Vs () [0 v

k=0 R A

21’1 n

- () () )
. (k 1)° — (k+7)°

=bin+p+1) Y ang (5;) H(:+/3+1)3H
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b2 n
_mzank<bn)(k+’)”+1) — (k+7)°

__(n+ﬁ+1 Z:%k( ) (k+7)2+3(k+7) +1]

b2 1 b2 1 X
= m Z”nk(bn>(k+7) +m]§ﬂn,k<a)(k+7)
b2 1 X
* (n4—ﬁ4—12 Za”"(b,)

2 n
:(n+l3+1 Zkza”"(:> (nf;bﬂ Zka’”‘< )

+72b%2an,k(%)+ (n—i—ﬁ—i—l 22 ank< )

=0
Wy b%
+{n+ﬁ+12z:%kgm) 3(n+p+1)2

2 n
:(n+ﬁ+1 ZH%"(?) (flgiizizk”<m)

b2 b2

(n ¥ B+ 12 3+ pr
in view of (2), we get (6). O

+ b +

Lemma 2. Let x € [0, by]. For the operators L}, . 5(f x), we have

Z,’y,ﬁ((t —x);x) = ﬁﬁ(léhz(%) + 2’)/2;1) _

and

;kl,'y,ﬁ((t_x)z )_Ln'yﬁ( ) 2XLn'y/3(t x)—{_szn'yﬁ( )
2 X
i (E) + £ 0-1()]

+—(n+2%+1)_{2'y+1 §h< )+7+;+7 (n+,3+1)]

2xby, = (X 2y +1 ’

Lemma 3 ([11]). For every a > 0, let

o
?l

14 —
z+bn

Since 0 < & < 1, we have

n nl—zx n X\ x2n1—a
Z(z“—{— > bp(1—a)’ and thus Z(hi( )_b_n):_gl—oc'

i=1 i=1

S =
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Lemma 4 ([12]). Forq € IN and fixed x € I, let L
linear operators with the property

:;/y,/; : Leo(I) — C(I) be a sequence of positive

(Ap(t—x)P;x) = O~ lPTI/2) as 0 — 400, p=0,1,...,29+2.
Then we have for each f € L« (I), which is 2q times differentiable at x, the asymptotic relation

2
(Anf)(x) = Zq %(An(t — X)) fP) (x) +O(n9) as n — +o. 7)
p=0""

If, in addition, f(29%2) (x) exists, the term O(n 1) in (7) can be replaced by O(n~(1+1),

2 Convergence results

In this part, we study some approximation properties of the operator L} | 4 (f;x) defined
by (3). Let [a,b] be a compact subset of [0,c0) and consider the following type lattice homo-
morphism

H: C[0,00) — Cla, b],
defined by H(f) := f |}, for every f € C[0,c0), where f |, is the restriction of the domain
of f to the interval [, b]. Clearly we have

lim H(L} . s(e;, x)) = H(e;) uniformly on [a, ]

nstoo ny,p

for each i = 0,1,2. Owing to the Korovkin property we have the following Korovkin type
approximation result related to the uniform convergence.

Theorem 1. Forevery f € C[0,c0), let

2
lim f(x) =kf < +oc0 and lim by _ 0.

n—o0 n—-+4oo n
Then
lim |[L . sf = fllcjoe) =0

n——+o00

Now, in order to get on uniform convergence result on the positive real axis [0, +c0), we
consider the following subspace

Co([0,00)) = {f € Co([0,00)) : Vx € [0,00), [f(x)| < Mpp(x)}
endowed with the sup-norm. We have the following result.

Theorem 2. Let p(x) = 1+ x*. Then for every f € C,([0,00))

lim |[L; ., sf = fllo =0.

n——+o00
Proof. For 0 < x < by, by using the equality (4), we may write

. L. 5(1x) — 1 1-1
ILy s (L) =1y = sup —"2F P k|
0<x<by p(x) 0<x<b, P(X)
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Thus
lim L}, 5(1;x) 1], =O.

n——+oo

Using the equality (5), we can write

L;‘;,%ﬁ(t;x) — x|

IL5q,5(t %) = x[|p = sup

0<x<by p(x)
1 by ! X 2y +1
=28 e (5 7)o
~ sup 1 by <E_ x’nl=® ) (27 4+ 1)by, —x'
0§x§b”1+x4 (m+B+1)\ b, b(1—n) 2(n+p+1)
~ sup 1 nx_ xZnl= (27 +1)by,
nggbnl—l—x‘l n+p+1 21—a)n+p+1) 2(n+p+1)
n (27 +1)by, nl-«
S‘m_l‘ 2+ B+ 1) b2(1—a)(n+5+1)"
n
Since
lim ’ no ‘ ‘ (2y +1)by nl-« ‘:
n—teo ln+ B+ 1 2(n+p+1) bi(l—a)(n+p+1) ’
then

lim L}, 5(6%) - x[lp = 0.

n——+o00

Using the equality (6), we can write

il () + En(E) (-1(2)]

1
L ;x) — X%, = su
” n'yﬁ( ) HP nggbnp(x)

R SN TS o mi(7-) + P 1) -2
(mrpr 2 [T LN, TR
1 b2 ) b2 L X
< su . hi| — + - —
<20 stglwrprn(5G) e i)
by . X 1 2 2 2
< 1 nx 2l >2+ b2 <ﬂ_ 2, 1—a )
0oy, 1 21 (n+ﬁ+12 b B-«)) " (nrpr1)2\b B(1—a)
b2 nx x2nl= 1 2 2 5
+m|:(2’y+1)<a—m> +’)’+§+’)’ (1’1+5+1> :| —X
“u 1 b2 <n2x2 B 2x3n% 4 n xn?—2 > bynx
"ot 1A 4 p 128 T W) B —w) T 1P
B x?nl n 2y +Dbunx (27 + 1)x%nl—
bu(1—a)(n+p+1)2  (n+p+1)2 by(1—a)(n+p+1)>

2
+(n+‘l377n+1)2<')’+%+’)/2(1’l+ﬁ+1)2>—x2
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1 n2x2 2x3p2—w XAt
= su — +
voniy, L+t BT 12 B3(n+p+ 21 —a) ' BA(n+ B+ D2(1—a)?
bynx xZnl= 2y +Dbunx (27 + 1)x%nl—*

m+p+12 by(1—a)n+p+12 " (m+p+12 b(1—a)(n+p+1)2

2
+(n+27n+1)2<')’+%+’)’2(1’l+,3+1)2) —x2
B 1 it 2x3p2—u
" ooy, L+ A B+ B+ 1)2(1—a)  B(n+p+1)2(1—a)
( n2 B nlfrx B (2’)/—{—1)1’117“ _1> )
M+ p+12 ba(l-)(n+p+12 bu(l-a)n+pt12 )"
bun 2y +1)byn b2 1
+ ((n+ﬁ+1)2 + (n+ﬁ+1)2>x+ (n+/5+1)2<7+§+72("+ﬁ+1)2>
22« nzia
S BmTpr 120 —a?| | Bar 120 —a)
N n2 B nlfrx B (2’)/—{—1)1’117“ T
(m+p+1)2 bu(l—a)n+p+1)?2 by(l—a)(n+p+1)>2 ‘
bun 2y +1)byn b2 1
(n+B+1)2 " (n+B+1) (n+,6+1)2<7+§+72("+ﬁ+1)2)'

Thus
lim |[L;, sf = fllo =0.

n——400

O

Now, we compute the rates of convergence of the operators L, - 5 (f) to f by means of a
classical approach, the modulus of continuity.

Let f € C[0,1]. Then for § > 0, the modulus of continuity of f, which is denoted by w¢(J),
is defined by

wp(0) = sup [f(x) = f(y)l
S

Then, for any § > 0 and each x € [0, 1], the inequality

7) — £ < eos0) (B4 1) ®)

holds.
One can estimate the rate of convergence of the sequence L, ﬁ( f) to f via the modulus of
continuity as follows.

Theorem 3. Let f € C[0,00). Then we have

Loy pf (X) = ()] < 20(0n,,p),

where

6= bnp = /(L plt = 2% ).
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I%mf'Uﬂnghnanﬂyof&mopmaknsan&

Loy pf (x) =

<(+B+1) Y a3
k=0 n

n
fE)] < (n4+B+1) Y ani(
k=0
)‘/ﬁiﬁIT
k+o
! X %
n
<+p+1) Y ani(y) [arh
k=0 n n+B+1
Lo
__benk4—2xbn7

+ b2 1

X
bn

n+p+1

(4) and (8), we get

k+v+1
n+p+1

) i

n+p+1

|f(but) = f(x)]dt

w(f; |but — x|) dt

ﬁ-+

k+y+1
n+ﬁ+1
k4
n+p+1

1

(b”t"‘)z]ww) at

k+'y
dt + u/

n+5+1

k+ oy

k4 }
k %—27k4—7 2

(n+B+1)3
X

k+y+1
n+p+1
k4
= 1 ;0 3 . X
(n-+ B+ Dw(f:0) )0 ,k(bn){
= (1 B+ D(F50) Y- i
(n+p+1)

"3(n+p+1)3

Now, we can write

Lyt () — )] < £0) Y-

k=0
b2k
n+p+1)?2

h) *

1=

+
k=0

by
(n+pB+1)?

b2
k
(n+ﬁ+1yg%”M

X 2xbyy

(g1

“”(%)(

(

" (n+p+1)3
|

2
e
)Uﬁ+ﬁ+1ﬁ

S T e
Lo () s 5
)<}

£ o

(n+ﬁ+1ﬁk0 )
bay by
n+p+1)2 3n+p+1)?

_|_
n+p+1

n

2:ﬂmk<

k= O

w(f;
5

J) X

b

{

b2y
n+ﬁ+1
b2
)(n+ﬁ+U
mx
(n+p+1)

b2k
n+p+1)2
2xb,k

= (n+p+1)

+ 2:ank(

b22y

X

by
X

bn

) 1
b,x

2xb,, 1
(n+p+1) ,gkamk(ﬁ) RN

By (4), (5) and (6), we have

w(f;0)

1 ) +—x2}.

(n+pB+1

b2

n

{<

52

X

—f)] < w(f;0) +

l‘)(l_m(m
() +

biy

n+ﬁ+D

b2

b.x
(n+pB+1)

)2

2xb,y

(n+/3+1 (n+B+1)2

i=1 bn

+x2}

%n+ﬁ+1ﬁ (n+p+1)
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2 4 N
w(f;é)(l—i—%{—( TR KZh( )) +ghi<a)]
b2 u b2 xby, & X
+(n4(r2/§:2§1 <bn> n+ﬁly+1)2_(njﬁ+1)i;hi<a>
b2y b2 2xbyy bux n x2}>
] :

T BT 1R 3B it B+l Tt Bt

Taking into account this inequality in (8) and Lemma 2, we obtain

L npf (%) = f(0)] S w(f;0)(1+672L;5 , 6((t — %)% x)).

If we getd = 0;,,,p(x) = \/(L;;,wg(t — x)2; x), we obtain the desired. O

3 Voronovskaja type theorem

Now, we obtain a Voronovskaja-type asymptotic estimate of the operators (3).
Theorem 4. Let f € L1[0,00) and f, f" exist at a fixed point x € (0, 00). Then we have

lim (L (0) — ) = L300

n——+co b
Proof. By the Taylor expansion, we may write

(t—x)?

f(O) = f() + (t = 0)f () + == f"(x) + (t = 0)?(t;x),

where §(t;x) — 0 as t — x and is a continuous function on [0, o). Taking into account the
linearity of the operators L;, , ;f and applying it to both sides of the above Taylor expansion
with a simple calculations, we obtain

(L)~ F) = P (6~ 00 ()
(6= x0T T xP8(00)

Therefore, using Lemmas 2, 3, 4, we get

e Z,y,;s((t—X);x)zf’(x)< Hﬁﬂ () + 25 )
b

R ) o)

n—{—,B—l—l <b b2(1—«a

ro(Geem
< n+f5+1 by (1—&2)(;i,3+1) _x>
ro((q

2, 1—a
n—l—ﬁ—i—l 1)x_bn(1—rx)(n+ﬁ+1)>
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and
'O oz < SO b xRy kD)
2! np((E = %)% %) = 2! n+ﬁ+1;hl<bn) +2(n+,3+1) *
b2 & X
+ (n+p—+1)2 ;h(bn) <1 _h'<E>)]
f//( ) . ) b2 n
— 2| ( }’l’le((t x>1x>> +(n+13+122 < )
:f”(x) by <E_ xZnl= >+ by(2y +1) . 2
2! n+p+1\b, bi(1—a) 2(n+p+1)
P (- fL)]
(n+B+1)2\b, bi(1—u)
() { ( nx x2pl-e bp(27 4+ 1) _x>2
2! n+p+1 by(l—a)n+B+1) 2(n+p+1)
b,nx B x2nl—o ]
(n+p+1)> (A—a)(n+p+1)>
_f'®) K( T ) 2l b2y 4 )2
2! n+p+1 bu(l—a)(n+p+1) 2(n+p+1)
bnnx B 2. 1—n }
(n+p+1)> (A-a)n+p+1)72]
Thus, we can write
tim (o f) = f0) = Lt tim re (-0, O
n—-+too by, P 2! n—-+oo by, TP e
Hence, by the Cauchy-Schwarz inequality, we have
gL s O = x| < /L5 (B (850); >\2/(bn) L s (=250, (10)
Since )
. E * o 4.
i (2 050
is bounded by Lemma 4 and 52(x;x) =0, by considering (10) in (9), we obtain
.oon o,
ngrfw ELn,y,ﬁ(‘S(t?x)(t —x)%x) =0,
which completes the proof. O
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Y 11boMy AOCAIAKEHHI MM BM3Ha4aeMoO orepaTopy AOTOLbKOro-XAoAoBcbkoro Ty Kanropo-
Brya-CTaHKy Ta OTPMMYEMO AesIKi BAACTMBOCTI ampoxcuMalli y 3BaXeHOMY IPOCTOpi LX OIle-
paropis. KpiM TOro, My AOBOAMMO pe3yAbTaTu THITy BOPOHOBCHKOI AAsI omepaTOpiB AOTOLIBKOIO-
Xaoaoscbkoro vty Kantoposuya-Crasky.

Kntouosi cnosa i ppasu: omeparop AoTOLBKOTo-XAOAOBCbKOro Ty KanTroposuda-CraHKy, Teo-
pema KopoBkiHa, IIBMAKICTB 361KHOCTI, allpOKCMMaIIis.



