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Kantorovich-Stancu type Lototsky-Chlodowsky operators
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In this study, we define Kantorovich-Stancu type Lototsky-Chlodowsky operators and obtain

some approximation properties in weighted space of these operators. Furthermore, we prove

Voronovskaja type results for the Kantorovich-Stancu type Lototsky-Chlodowsky operators.
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Introduction

In 1966, J.P. King [9] introduced Lototsky-Bernstein operator Ln : C[0, 1] → C[0, 1] for n ∈ N

as follows

Ln( f ; x) =
n

∑
k=0

f
( k

n

)

an,k(x), x ∈ [0, 1],

with the help of basis function an,k(x) obtained from the following relation

n

∏
i=1

(hi(x)y + 1 − hi(x)) =
n

∑
k=0

an,k(x)yk , y ∈ R,

an,k(x) =
n

∑
J ∪J=Nn

Card(J)=k

∏
i∈J

(1 − hi(x))∏
i∈J

hi(x),

where hi : [0, 1] → [0, 1] is a sequence of continuous functions and a0,0(x) = 1, a0,k(x) = 0

for k > 0. Recently, these operators have been introduced their approximation properties

(see [15, 11, 14, 1]).

The classical Bernstein-Chlodowsky polynomials have the following form

Cn( f ; x) =
n

∑
k=0

f
( k

n
bn

)

(

n

k

)

( x

bn

)k(

1 −
x

bn

)n−k
, 0 ≤ x ≤ bn,

where 0 ≤ x ≤ bn and bn is a sequence of positive numbers such that

lim
n→∞

bn = +∞, ∑
n→∞

bn

n
= 0.
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These polynomials were introduced by I. Chlodowsky in 1932 as a generalization of Bernstein

polynomials on an unbounded set. Recently, some authors have studied some Chlodowsky

type polynomials. For example, a very fine generalization of the Chlodowsky polynomials is

given by A.D. Gadjiev et. al. (see [4]). Some detailed investigations on Bernstein-Chlodowsky

polynomials may be found in [3, 6, 5]. Recently, in [10], the authors introduced the Lototsky-

Chlodowsky operators L∗
n : B[0, ∞) → C[0, ∞) for n ∈ N given by

L∗
n( f ; x) =

n

∑
k=0

f
( k

n
bn

)

an,k

( x

bn

)

, x ∈ [0, bn], (1)

where an,k = an,k(
x
bn
) are Lototsky-Bernstein basis functions satisfying

n

∏
i=1

(

hi

( x

bn

)

y + 1 − hi

( x

bn

))

=
n

∑
k=0

an,k

( x

bn

)

yk, y ∈ R, (2)

where

an,k

( x

bn

)

=
n

∑
J ∪J=Nn

Card(J)=k

∏
i∈J

(

1 − hi

( x

bn

)) n

∏
i∈J

hi

( x

bn

)

.

The approximation properties of the operators (1) can be found in [10]. In this article, the

Kantorovich-Stancu type Lototsky-Chlodowsky operators will be defined based on the Loto-

tsky-Chlodowsky basis function and Kantorovich-Stancu type operators and the approxima-

tion properties of these operators will be examined.

In 1930, L.V. Kantorovich [7, 8] introduced a generalization of Bernstein operators as

Kn : L1[0, 1] → C[0, 1] for n ∈ N defined by

Kn( f ; x) = (n + 1)
n

∑
k=0

bn,k(x)
∫

k+1
n+1

k
n+1

f (t) dt,

where bn,k(x) = (n
k)xk(1 − x)n−k are Bernstein basis functions. In 1968, D. Stancu [13] con-

structed positive linear operators S
α,β
n : C[0, 1] → C[0, 1] for n ∈ N by

S
α,β
n ( f ; x) =

n

∑
k=0

bn,k(x) f
( k + α

n + β

)

,

where α and β real parameters such that 0 ≤ α ≤ β. In 2004, D. Barbosu [2] gave a Kantoro-

vich-Stancu form as K
α,β
n ( f ; x) : L1[0, 1] → C[0, 1] for n ∈ N defined by

K
α,β
n ( f ; x) = (n + β + 1)

n

∑
k=0

bn,k(x)
∫

k+α+1
n+β+1

k+α
n+β+1

f (t) dt, 0 ≤ α ≤ β.

In the present paper, we consider a Kantorovich-Stancu version of the operators (1) as fol-

lows L∗
n,γ,β : L1[0, ∞) → C[0, ∞) for 0 ≤ γ ≤ β and n ∈ N defined by

L∗
n,γ,β( f ; x) = (n + β + 1)

n

∑
k=0

an,k

( x

bn

)

∫

k+γ+1
n+β+1
k+γ

n+β+1

f (bnt) dt, (3)

where an,k(
x
bn
) are Lototsky-Bernstein basis functions.
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1 Approximation properties of the operators L
∗

n,γ,β

In this part, we give some lemmas which are necessary to prove our main theorems.

Lemma 1. Let x ∈ [0, bn] and ei(t) = ti, i = 0, 1, 2. Then the Kantorovich-Stancu type Lototsky-

Chlodowsky operators L∗
n,γ,β satisfy

L∗
n,γ,β(e0; x) = 1, (4)

L∗
n,γ,β(e1; x) =

bn

(n + β + 1)

( n

∑
i=1

hi

( x

bn

)

+
2γ + 1

2

)

, (5)

and

L∗
n,γ,β(e2; x) =

b2
n

(n + β + 1)2

[( n

∑
i=1

hi

( x

bn

)

)2

+
n

∑
i=1

hi

( x

bn

)(

1 − hi

( x

bn

))

+ (2γ + 1)
n

∑
i=1

hi

( x

bn

)

+ γ +
1

3
+ γ2(n + β + 1)2

]

.

(6)

Proof. We have L∗
n,γ,β(e0; x) = ∑

n
k=0 an,k

(

x
bn

)

. Putting y = 1 in (2), we get

n

∏
i=1

(

hi

( x

bn

)

+ 1 − hi

( x

bn

))

=
n

∑
k=0

an,k

( x

bn

)

,

therefore, (4) follows.

Since

L∗
n,γ,β(e1; x) = (n + β + 1)

n

∑
k=0

an,k

( x

bn

)

∫

k+γ+1
n+β+1
k+γ

n+β+1

bnt dt

= bn(n + β + 1)
n

∑
k=0

an,k

( x

bn

) 2k + 2γ + 1

2(n + β + 1)2
= bn

n

∑
k=0

an,k

( x

bn

) 2k + 2γ + 1

2(n + β + 1)

= bn

n

∑
k=0

an,k

( x

bn

) k + γ

(n + β + 1)
+ bn

n

∑
k=0

an,k

( x

bn

) 1

2(n + β + 1)

= bn

n

∑
k=0

an,k

( x

bn

) k

(n + β + 1)
+ bn

n

∑
k=0

an,k

( x

bn

) γ

(n + β + 1)

+ bn

n

∑
k=0

an,k

( x

bn

) 1

2(n + β + 1)

=
bn

(n + β + 1)

n

∑
k=0

kan,k

( x

bn

)

+
γbn

(n + β + 1)
+

bn

2(n + β + 1)
,

in view of (2), we get (5).

Finally, since

L∗
n,γ,β(e2; x) = (n + β + 1)

n

∑
k=0

an,k

( x

bn

)

∫

k+γ+1
n+β+1
k+γ

n+β+1

b2
nt2 dt

=
b2

n(n + β + 1)

3

n

∑
k=0

an,k

( x

bn

)(( k + γ + 1

n + β + 1

)3
−

( k + γ

n + β + 1

)3)

= b2
n(n + β + 1)

n

∑
k=0

an,k

( x

bn

) (k + γ + 1)3 − (k + γ)3

3(n + β + 1)3
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=
b2

n

3(n + β + 1)2

n

∑
k=0

an,k

( x

bn

)

(k + γ + 1)3 − (k + γ)3

=
b2

n

3(n + β + 1)2

n

∑
k=0

an,k

( x

bn

)

[3(k + γ)2 + 3(k + γ) + 1]

=
b2

n

(n + β + 1)2

n

∑
k=0

an,k

( x

bn

)

(k + γ)2 +
b2

n

(n + β + 1)2

n

∑
k=0

an,k

( x

bn

)

(k + γ)

+
b2

n

3(n + β + 1)2

n

∑
k=0

an,k

( x

bn

)

=
b2

n

(n + β + 1)2

n

∑
k=0

k2an,k

( x

bn

)

+
2γb2

n

(n + β + 1)2

n

∑
k=0

kan,k

( x

bn

)

+ γ2b2
n

n

∑
k=0

an,k

( x

bn

)

+
b2

n

(n + β + 1)2

n

∑
k=0

kan,k

( x

bn

)

+
γb2

n

(n + β + 1)2

n

∑
k=0

an,k

( x

bn

)

+
b2

n

3(n + β + 1)2

=
b2

n

(n + β + 1)2

n

∑
k=0

k2an,k

( x

bn

)

+
(2γ + 1)b2

n

(n + β + 1)2

n

∑
k=0

kan,k

( x

bn

)

+ γ2b2
n +

γb2
n

(n + β + 1)2
+

b2
n

3(n + β + 1)2
,

in view of (2), we get (6).

Lemma 2. Let x ∈ [0, bn]. For the operators L∗
n,γ,β( f ; x), we have

L∗
n,γ,β((t − x); x) =

bn

(n + β + 1)

( n

∑
i=1

hi

( x

bn

)

+
2γ + 1

2

)

− x

and

L∗
n,γ,β((t − x)2; x) = L∗

n,γ,β(t
2; x)− 2xL∗

n,γ,β(t; x) + x2L∗
n,γ,β(1; x)

=
b2

n

(n + β + 1)2

[( n

∑
i=1

hi

( x

bn

)

)2

+
n

∑
i=1

hi

( x

bn

)(

1 − hi

( x

bn

))

]

+
b2

n

(n + β + 1)2

[

(2γ + 1)
n

∑
i=1

hi

( x

bn

)

+ γ +
1

3
+ γ2(n + β + 1)2

]

−
2xbn

(n + β + 1)

( n

∑
i=1

hi

( x

bn

)

+
2γ + 1

2

)

+ x2.

Lemma 3 ([11]). For every α > 0, let

hi

( x

bn

)

=
iα x

bn

iα +
x

bn

.

Since 0 < α < 1, we have

n

∑
i=1

(

1

iα + x
bn

)

∼=
n1−α

bn(1 − α)
, and thus

n

∑
i=1

(

hi

( x

bn

)

−
x

bn

)

∼= −
x2

b3
n

n1−α

1 − α
.
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Lemma 4 ([12]). For q ∈ N and fixed x ∈ I, let L∗
n,γ,β : L∞(I) → C(I) be a sequence of positive

linear operators with the property

(An(t − x)p; x) = O(n−[(p+1)/2]) as n → +∞, p = 0, 1, . . . , 2q + 2.

Then we have for each f ∈ L∞(I), which is 2q times differentiable at x, the asymptotic relation

(An f )(x) =
2q

∑
p=0

1

p!
(An(t − x)p; x) f (p)(x) + O(n−q) as n → +∞. (7)

If, in addition, f (2q+2)(x) exists, the term O(n−q) in (7) can be replaced by O(n−(q+1)).

2 Convergence results

In this part, we study some approximation properties of the operator L∗
n,γ,β( f ; x) defined

by (3). Let [a, b] be a compact subset of [0, ∞) and consider the following type lattice homo-

morphism

H : C[0, ∞) → C[a, b],

defined by H( f ) := f |[a,b] for every f ∈ C[0, ∞), where f |[a,b] is the restriction of the domain

of f to the interval [a, b]. Clearly we have

lim
n→+∞

H(L∗
n,γ,β(ei, x)) = H(ei) uniformly on [a, b]

for each i = 0, 1, 2. Owing to the Korovkin property we have the following Korovkin type

approximation result related to the uniform convergence.

Theorem 1. For every f ∈ C[0, ∞), let

lim
n→∞

f (x) = k f < +∞ and lim
n→+∞

b2
n

n
= 0.

Then

lim
n→+∞

‖L∗
n,γ,β f − f‖C[0,∞) = 0.

Now, in order to get on uniform convergence result on the positive real axis [0,+∞), we

consider the following subspace

Cρ([0, ∞)) = { f ∈ Cρ([0, ∞)) : ∀ x ∈ [0, ∞), | f (x)| ≤ M f ρ(x)}

endowed with the sup-norm. We have the following result.

Theorem 2. Let ρ(x) = 1 + x4. Then for every f ∈ Cρ([0, ∞))

lim
n→+∞

‖L∗
n,γ,β f − f‖ρ = 0.

Proof. For 0 ≤ x ≤ bn, by using the equality (4), we may write

‖L∗
n,γ,β(1; x)− 1‖ρ = sup

0≤x≤bn

|L∗
n,γ,β(1; x)− 1|

ρ(x)
= sup

0≤x≤bn

|1 − 1|

ρ(x)
= 0.
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Thus

lim
n→+∞

‖L∗
n,γ,β(1; x)− 1‖ρ = 0.

Using the equality (5), we can write

‖L∗
n,γ,β(t; x)− x‖ρ = sup

0≤x≤bn

|L∗
n,γ,β(t; x)− x|

ρ(x)

= sup
0≤x≤bn

1

1 + x4

∣

∣

∣

∣

bn

(n + β + 1)

( n

∑
i=1

hi

( x

bn

)

+
2γ + 1

2

)

− x

∣

∣

∣

∣

= sup
0≤x≤bn

1

1 + x4

∣

∣

∣

∣

bn

(n + β + 1)

(

nx

bn
−

x2n1−α

b3
n(1 − α)

)

+
(2γ + 1)bn

2(n + β + 1)
− x

∣

∣

∣

∣

= sup
0≤x≤bn

1

1 + x4

∣

∣

∣

∣

nx

n + β + 1
− x −

x2n1−α

b2
n(1 − α)(n + β + 1)

+
(2γ + 1)bn

2(n + β + 1)

∣

∣

∣

∣

≤
∣

∣

∣

n

n + β + 1
− 1

∣

∣

∣
+

∣

∣

∣

(2γ + 1)bn

2(n + β + 1)

∣

∣

∣
+

∣

∣

∣

∣

n1−α

b2
n(1 − α)(n + β + 1)

∣

∣

∣

∣

.

Since

lim
n→+∞

∣

∣

∣

n

n + β + 1
− 1

∣

∣

∣
+

∣

∣

∣

(2γ + 1)bn

2(n + β + 1)

∣

∣

∣
+

∣

∣

∣

∣

n1−α

b2
n(1 − α)(n + β + 1)

∣

∣

∣

∣

= 0,

then

lim
n→+∞

‖L∗
n,γ,β(t; x)− x‖ρ = 0.

Using the equality (6), we can write

‖L∗
n,γ,β(t

2; x)− x2‖ρ = sup
0≤x≤bn

1

ρ(x)

∣

∣

∣

∣

b2
n

(n + β + 1)2

[( n

∑
i=1

hi

( x

bn

)

)2

+
n

∑
i=1

hi

( x

bn

)(

1 − hi

( x

bn

))

]

+
b2

n

(n + β + 1)2

[

(2γ + 1)
n

∑
i=1

hi

( x

bn

)

+ γ +
1

3
+ γ2(n + β + 1)2

]

− x2

∣

∣

∣

∣

≤ sup
0≤x≤bn

1

ρ(x)

∣

∣

∣

∣

b2
n

(n + β + 1)2

( n

∑
i=1

hi

( x

bn

)

)2

+
b2

n

(n + β + 1)2

n

∑
i=1

hi

( x

bn

)

+
b2

n

(n + β + 1)2

[

(2γ + 1)
n

∑
i=1

hi

( x

bn

)

+ γ +
1

3
+ γ2(n + β + 1)2

]

− x2

∣

∣

∣

∣

≤ sup
0≤x≤bn

1

1 + x4

∣

∣

∣

∣

b2
n

(n + β + 1)2

(

nx

bn
−

x2n1−α

b3
n(1 − α)

)2

+
b2

n

(n + β + 1)2

(

nx

bn
−

x2n1−α

b3
n(1 − α)

)

+
b2

n

(n + β + 1)2

[

(2γ + 1)

(

nx

bn
−

x2n1−α

b3
n(1 − α)

)

+ γ +
1

3
+ γ2(n + β + 1)2

]

− x2

∣

∣

∣

∣

≤ sup
0≤x≤bn

1

1 + x4

∣

∣

∣

∣

b2
n

(n + β + 1)2

(

n2x2

b2
n

−
2x3n2−α

b4
n(1 − α)

+
x4n2−2α

b6
n(1 − α)2

)

+
bnnx

(n + β + 1)2

−
x2n1−α

bn(1 − α)(n + β + 1)2
+

(2γ + 1)bnnx

(n + β + 1)2
−

(2γ + 1)x2n1−α

bn(1 − α)(n + β + 1)2

+
b2

n

(n + β + 1)2

(

γ +
1

3
+ γ2(n + β + 1)2

)

− x2

∣

∣

∣

∣
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= sup
0≤x≤bn

1

1 + x4

∣

∣

∣

∣

n2x2

(n + β + 1)2
−

2x3n2−α

b2
n(n + β + 1)2(1 − α)

+
x4n

2−2α

b4
n(n + β + 1)2(1 − α)2

+
bnnx

(n + β + 1)2
−

x2n1−α

bn(1 − α)(n + β + 1)2
+

(2γ + 1)bnnx

(n + β + 1)2
−

(2γ + 1)x2n1−α

bn(1 − α)(n + β + 1)2

+
b2

n

(n + β + 1)2

(

γ +
1

3
+ γ2(n + β + 1)2

)

− x2

∣

∣

∣

∣

= sup
0≤x≤bn

1

1 + x4

∣

∣

∣

∣

x4n
2−2α

b4
n(n + β + 1)2(1 − α)2

−
2x3n2−α

b2
n(n + β + 1)2(1 − α)

+

(

n2

(n + β + 1)2
−

n1−α

bn(1 − α)(n + β + 1)2
−

(2γ + 1)n1−α

bn(1 − α)(n + β + 1)2
− 1

)

x2

+

(

bnn

(n + β + 1)2
+

(2γ + 1)bnn

(n + β + 1)2

)

x +
b2

n

(n + β + 1)2

(

γ +
1

3
+ γ2(n + β + 1)2

)

∣

∣

∣

∣

≤

∣

∣

∣

∣

n
2−2α

b4
n(n + β + 1)2(1 − α)2

∣

∣

∣

∣

+

∣

∣

∣

∣

n2−α

b2
n(n + β + 1)2(1 − α)

∣

∣

∣

∣

+

∣

∣

∣

∣

n2

(n + β + 1)2
−

n1−α

bn(1 − α)(n + β + 1)2
−

(2γ + 1)n1−α

bn(1 − α)(n + β + 1)2
− 1

∣

∣

∣

∣

+

∣

∣

∣

∣

bnn

(n + β + 1)2
+

(2γ + 1)bnn

(n + β + 1)2

∣

∣

∣

∣

+

∣

∣

∣

∣

b2
n

(n + β + 1)2

(

γ +
1

3
+ γ2(n + β + 1)2

)

∣

∣

∣

∣

.

Thus

lim
n→+∞

‖L∗
n,γ,β f − f‖ρ = 0.

Now, we compute the rates of convergence of the operators L∗
n,γ,β( f ) to f by means of a

classical approach, the modulus of continuity.

Let f ∈ C[0, 1]. Then for δ > 0, the modulus of continuity of f , which is denoted by ω f (δ),

is defined by

ω f (δ) = sup
x,y∈[0,1]
|x−y|≤δ

| f (x) − f (y)|.

Then, for any δ > 0 and each x ∈ [0, 1], the inequality

| f (x) − f (y)| ≤ ω f (δ)
( |x − y|

δ
+ 1

)

(8)

holds.

One can estimate the rate of convergence of the sequence L∗
n,γ,β( f ) to f via the modulus of

continuity as follows.

Theorem 3. Let f ∈ C[0, ∞). Then we have

|L∗
n,γ,β f (x)− f (x)| ≤ 2ω(δn,γ,β),

where

δ = δn,γ,β =
√

(L∗
n,γ,β(t − x)2; x).
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Proof. Using linearity of the operators L∗
n,γ,β, (4) and (8), we get

|L∗
n,γ,β f (x) − f (x)| ≤ (n + β + 1)

n

∑
k=0

an,k

( x

bn

)

∫

k+γ+1
n+β+1
k+γ

n+β+1

| f (bnt)− f (x)| dt

≤ (n + β + 1)
n

∑
k=0

an,k

( x

bn

)

∫

k+γ+1
n+β+1
k+γ

n+β+1

ω( f ; |bnt − x|) dt

≤ (n + β + 1)
n

∑
k=0

an,k

( x

bn

)

∫

k+γ+1
n+β+1
k+γ

n+β+1

[

1 +
(bnt − x

δ

)2]

ω( f ; δ) dt

= (n + β + 1)ω( f ; δ)
n

∑
k=0

an,k

( x

bn

)

{

∫

k+γ+1
n+β+1
k+γ

n+β+1

dt +
∫

k+γ+1
n+β+1
k+γ

n+β+1

(bnt − x)2

δ2
dt

}

= (n + β + 1)ω( f ; δ)
n

∑
k=0

an,k

( x

bn

)

{

1

n + β + 1
+

1

δ2

[

b2
n

k2 + 2γk + γ2

(n + β + 1)3
+ b2

n
k + γ

(n + β + 1)3

+ b2
n

1

3(n + β + 1)3
−

2xbnk + 2xbnγ

(n + β + 1)2
−

bnx

(n + β + 1)2
+

x2

n + β + 1

]}

.

Now, we can write

|L∗
n,γ,β f (x) − f (x)| ≤ ω( f ; δ)

n

∑
k=0

an,k

( x

bn

)

+
ω( f ; δ)

δ2

{ n

∑
k=0

an,k

( x

bn

) b2
nk2

(n + β + 1)3

+
n

∑
k=0

an,k

( x

bn

) b2
n2γk

(n + β + 1)2
+

n

∑
k=0

an,k

( x

bn

) b2
nγ2

(n + β + 1)2
+

n

∑
k=0

an,k

( x

bn

) b2
nk

(n + β + 1)2

+
n

∑
k=0

an,k

( x

bn

) b2
nγ

(n + β + 1)2
+

n

∑
k=0

an,k

( x

bn

) b2
n

3(n + β + 1)2
−

n

∑
k=0

an,k

( x

bn

) 2xbnk

(n + β + 1)

−
n

∑
k=0

an,k

( x

bn

) 2xbnγ

(n + β + 1)
+

n

∑
k=0

an,k

( x

bn

) bnx

(n + β + 1)
+

n

∑
k=0

an,k

( x

bn

)

x2

}

= ω( f ; δ) +
ω( f ; δ)

δ2

{

b2
n

(n + β + 1)3

n

∑
k=0

k2an,k

( x

bn

)

+
b2

n2γ

(n + β + 1)2

n

∑
k=0

kan,k

( x

bn

)

+
b2

nγ2

(n + β + 1)2
+

b2
n

(n + β + 1)2

n

∑
k=0

kan,k

( x

bn

)

+
b2

nγ

(n + β + 1)2
+

b2
n

3(n + β + 1)2

−
2xbn

(n + β + 1)

n

∑
k=0

kan,k

( x

bn

)

−
2xbnγ

(n + β + 1)
+

bnx

(n + β + 1)
+ x2

}

.

By (4), (5) and (6), we have

|L∗
n,γ,β f (x) − f (x)| ≤ ω( f ; δ) +

ω( f ; δ)

δ2

{

b2
n

(n + β + 1)3

[( n

∑
i=1

hi

( x

bn

)

)2

+
n

∑
i=1

hi

( x

bn

)(

1 − hi

( x

bn

))

]

+
b2

n(2γ + 1)

(n + β + 1)2

n

∑
i=1

hi

( x

bn

)

+
b2

nγ2

(n + β + 1)2
+

bnx

(n + β + 1)

−
2xbn

(n + β + 1)

n

∑
i=1

hi

( x

bn

)

+
b2

nγ

(n + β + 1)2
+

b2
n

3(n + β + 1)2
−

2xbnγ

(n + β + 1)
+ x2

}
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≤ ω( f ; δ)

(

1 +
1

δ2

{

b2
n

(n + β + 1)3

[( n

∑
i=1

hi

( x

bn

)

)2

+
n

∑
i=1

hi

( x

bn

)

]

+
b2

n(2γ + 1)

(n + β + 1)2

n

∑
i=1

hi

( x

bn

)

+
b2

nγ2

(n + β + 1)2
−

2xbn

(n + β + 1)

n

∑
i=1

hi

( x

bn

)

+
b2

nγ

(n + β + 1)2
+

b2
n

3(n + β + 1)2
−

2xbnγ

(n + β + 1)
+

bnx

(n + β + 1)
+ x2

})

.

Taking into account this inequality in (8) and Lemma 2, we obtain

|L∗
n,γ,β f (x) − f (x)| ≤ ω( f ; δ)(1 + δ−2L∗

n,γ,β((t − x)2; x)).

If we get δ = δn,γ,β(x) =
√

(L∗
n,γ,β(t − x)2; x), we obtain the desired.

3 Voronovskaja type theorem

Now, we obtain a Voronovskaja-type asymptotic estimate of the operators (3).

Theorem 4. Let f ∈ L1[0, ∞) and f ′, f ′′ exist at a fixed point x ∈ (0, ∞). Then we have

lim
n→+∞

n

bn
(L∗

n,γ,β f (x)− f (x)) =
f ′′(x)

2!
x.

Proof. By the Taylor expansion, we may write

f (t) = f (x) + (t − x) f ′(x) +
(t − x)2

2!
f ′′(x) + (t − x)2δ(t; x),

where δ(t; x) → 0 as t → x and is a continuous function on [0, ∞). Taking into account the

linearity of the operators L∗
n,γ,β f and applying it to both sides of the above Taylor expansion

with a simple calculations, we obtain

n

bn
(L∗

n,γ,β f (x)− f (x)) =
n

bn
L∗

n,γ,β((t − x); x) f ′(x)

+
n

bn
L∗

n,γ,β((t − x)2; x)
f ′′(x)

2!
+

n

bn
L∗

n,γ,β((t − x)2δ(t; x); x).

Therefore, using Lemmas 2, 3, 4, we get

f ′(x)L∗
n,γ,β((t − x); x) = f ′(x)

(

bn

(n + β + 1)

( n

∑
i=1

hi

( x

bn

)

+
2γ + 1

2

)

− x

)

= f ′(x)

(

bn

(n + β + 1)

(

nx

bn
−

x2n1−α

b2
n(1 − α)

)

+
bn(2γ + 1)

2(n + β + 1)
− x

)

= f ′(x)

(

nx

(n + β + 1)
−

x2n1−α

bn(1 − α)(n + β + 1)
− x

)

= f ′(x)

(

( n

(n + β + 1)
− 1

)

x −
x2n1−α

bn(1 − α)(n + β + 1)

)
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and

f ′′(x)

2!
L∗

n,γ,β((t − x)2; x) =
f ′′(x)

2!

[(

bn

n + β + 1

n

∑
i=1

hi

( x

bn

)

+
bn(2γ + 1)

2(n + β + 1)
− x

)2

+
b2

n

(n + β + 1)2

n

∑
i=1

hi

( x

bn

)(

1 − hi

( x

bn

))

]

≤
f ′′(x)

2!

[

(L∗
n,γ,β((t − x); x))2 +

b2
n

(n + β + 1)2

n

∑
i=1

hi

( x

bn

)

]

=
f ′′(x)

2!

[(

bn

n + β + 1

(nx

bn
−

x2n1−α

b2
n(1 − α)

)

+
bn(2γ + 1)

2(n + β + 1)
− x

)2

+
b2

n

(n + β + 1)2

(nx

bn
−

x2n1−α

b2
n(1 − α)

)

]

=
f ′′(x)

2!

[(

nx

n + β + 1
−

x2n1−α

bn(1 − α)(n + β + 1)
+

bn(2γ + 1)

2(n + β + 1)
− x

)2

+
bnnx

(n + β + 1)2
−

x2n1−α

(1 − α)(n + β + 1)2

]

=
f ′′(x)

2!

[(

( n

n + β + 1
− 1

)

x −
x2n1−α

bn(1 − α)(n + β + 1)
+

bn(2γ + 1)

2(n + β + 1)

)2

+
bnnx

(n + β + 1)2
−

x2n1−α

(1 − α)(n + β + 1)2

]

.

Thus, we can write

lim
n→+∞

n

bn
(L∗

n,γ,β f (x) − f (x)) =
f ′′(x)

2!
x + lim

n→+∞

n

bn
L∗

n,γ,β((t − x)2δ(t; x); x). (9)

Hence, by the Cauchy-Schwarz inequality, we have

n

bn
|L∗

n,γ,β(δ(t; x)(t − x)2; x)| ≤ 2

√

L∗
n,γ,β(δ

2(t; x); x) 2

√

( n

bn

)2
L∗

n,γ,β((t − x)4; x). (10)

Since

lim
t→x

( n

bn

)2
L∗

n,γ,β((t − x)4; x)

is bounded by Lemma 4 and δ2(x; x) = 0, by considering (10) in (9), we obtain

lim
n→+∞

n

bn
L∗

n,γ,β(δ(t; x)(t − x)2; x) = 0,

which completes the proof.
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2023, 147.

[11] Popa D. Intermediate Voronovskaja type result for the Lototsky-Bernstein type operators. RACSAM 2020, 114, 12.

doi:10.1007/s13398-019-00748-8

[12] Sikkema P.C. On some linear positive operators. Indag. Math. (Proc.) 1970, 73, 327–337. doi:10.1016/S1385-

7258(70)80037-3

[13] Stancu D. Approximation of function by a new class of polynomial operators. Rev. Roumaine Math. Pures Appl.

1968, 13 (8), 1173–1194.

[14] Xu X.-W., Goldman R. On Lototsky-Bernstein operators and Lototsky-Bernstein bases. Comput. Aided Geom.

Design. 2019, 68, 48–59. doi:10.1016/j.cagd.2018.12.004

[15] Xu X.-W., Zeng X.-M., Goldman R. Shape preserving properties of univariate Lototsky-Bernstein operators. J. Ap-

prox. Theory 2017, 224, 13–42. doi:10.1016/j.jat.2017.09.002

Received 02.03.2024

Revised 09.07.2024

Кутлу Серiн Ш., Карслi Х., Ташделен Єшилдал Ф. Оператори Лотоцького-Хлодовського типу

Канторовича-Станку // Карпатськi матем. публ. — 2024. — Т.16, №2. — C. 512–522.

У цьому дослiдженнi ми визначаємо оператори Лотоцького-Хлодовського типу Канторо-

вича-Станку та отримуємо деякi властивостi апроксимацiї у зваженому просторi цих опе-

раторiв. Крiм того, ми доводимо результати типу Вороновської для операторiв Лотоцького-

Хлодовського типу Канторовича-Станку.

Ключовi слова i фрази: оператор Лотоцького-Хлодовського типу Канторовича-Станку, тео-

рема Коровкiна, швидкiсть збiжностi, апроксимацiя.


