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Discontinuous strongly separately continuous functions of
several variables and near coherence of two P-filters

Kozlovskyi M.

We consider a notion of near coherence of n P-filters and show that the near coherence of any n
P-filters is equivalent to the near coherence of any two P-filters. For any filter u on IN by IN,, we
denote the space IN U {u}, in which all points from IN are isolated and sets AU {u}, A € u,
are neighborhoods of u. In the article, the concept of strongly separately finite sets was intro-
duced. For X = IN,; x --- x N, we prove that the existence of a strongly separately continuous
function f : X — R with one-point set {(u1,...,u,)} of discontinuity implies the existence of a
strongly separately finite set E C X such that the characteristic function x| is discontinuous at
(u1,...,uy). Using this fact we proved that the existence of a strongly separately continuous func-
tion f : X3 x .-+ x X; — R on the product of arbitrary completely regular spaces X with an
one-point set {(x1,...,x,)} of points of discontinuity, where x; is non-isolated Gs-point in X, is
equivalent to near coherence of P-filters.

Key words and phrases: separately continuous function, strongly separately continuous function,
P-filter, inverse problem, one-point discontinuity.
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Introduction

Investigations of the discontinuity point sets of separately continuous functions of two or
many variables (i.e. functions that are continuous with respect to each variable) were started in
R. Baire’s dissertation [1]. These investigations have been continued and developed by many
mathematicians (see [2] the literature given there). The question on characterization of the dis-
continuity point sets of separately continuous functions defined on the product of two compact
spaces naturally arises in connection with well-known Namioka theorem [3]. This question
was formulated by Z. Piotrowski [4] and it is still open.

Let us remark that a complete description of the discontinuity point sets of separately con-
tinuous functions was obtained only in the following two cases: for separately continuous
functions on the product of n metrizable spaces [5], and for separately continuous functions
on the product of n spaces, each of which is the product of separable metrizable spaces [6].

Investigations of separately continuous functions and their analogs with one-point set of
points of discontinuity are of particular interest (see [2, 7-11]). In particular, necessity and
sufficiency conditions for the existence of separately continuous function on the product of
two compact spaces with one-point set of points of discontinuity were obtained in [8].
In [9], this result was generalized for functions of several variables.
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On the other hand, it was proved in [11] that the existence of separately continuous func-
tions with given one-point set of points of discontinuity of Gs type is closely related to the
properties of P-filter, and the answer to this question is independent of ZFC (abbreviation of
Zermelo-Fraenkel set theory with the Axiom of Choice).

Theorem ([11, Theorem 4]). The following statements are equivalent.

(1) For any completely regular spaces X,Y with non-isolated Gs-pointsa € X, b € Y there
are continuous maps § : X = R, h : Y — R and a function ¢ : R x R — R such that the
function f = @ o (g x h) : X x Y — R is separately continuous, discontinuous at (a, b)
and continuous at other points of X x Y.

(2) Any two free P-filters on a countable set are near coherent.

In this paper, we generalize this result for the case of strongly separately continuous func-
tion of several variables on the product of completely regular spaces and show that for any
number of corresponding spaces the existence of respective strongly separately continuous
function is equivalent to the statement that any two P-filters are near coherent.

In Section 1, we give the definition of P-filters, the definition of the near coherence of n
P-filters and the definition of 7. We prove some additional facts about filters. The main result
of the section is the fact that the near coherence of any n P-filters from F is equivalent to the
near coherence of any two P-filter from F.

In Section 2, we give the definition of strongly separately continuous functions and the
definition of strongly separately finite sets. We prove that for n P-filters uy,...,u, from F
the existence of a strongly separately continuous function f : [Ti_; N,, — R with one-point
set {(u1,...,u,)} of discontinuity implies the existence of a strongly separately finite set
E C I 1INy, such that the characteristic function x| is discontinuous at (1, ..., u,). Using
that fact, we prove that for any n P-filters from F, that are not near coherent, every strongly
separately continuous function f : [T ; IN,, = R is continuous.

Finally, in Section 3, we prove that if any two P-filters from F are near coherent, then for
any completely regular spaces Xj, ..., X, with non-isolated G;-point x;y in the corresponding
space X; there exists a strongly separately continuous function f : ] ; X; — R such that
D(f) = {(x10,.-.,%n0)}. Also, we give the main result of the article, which states the equiva-
lence of the existing of a strongly separately continuous function with one-point discontinuity
for n completely regular spaces with non-isolated Gs-point and the fact that any two P-filters
from F are near coherent.

1 Filters from F and their properties

A non-empty system A of non-empty subsets of S is called a filter on S if the following
conditions are true:

1) AyNAp; € Aforany Ay, Ay € A;
2) if Ac Aand AC B C S,thenB € A.

A filter A on a set S is called a P-filter, if for any sequence (A, )S,_, of sets A;; € A there
exists a set A € A such that the set A \ Ay, is finite for any m € IN.
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The filters A and B on a set S are called near coherent, if there exists a function ¢ : S — S
such that a set ¢ (s is finite for every s € S and ¢(A) N ¢(B) # @ forany A € A, B € B.

Note that the statement “any two P-filters on countable set are near coherent” was abbre-
viated in [11] as NCPF (near coherence of P-filters). Moreover, it was shown in [11, Theorem 5]
that NCPF is independent of ZFC.

We denote F as a collection of all filters x on IN such that for any A,B C IN with finite
symmetric difference AAB, if A € x, then B € x. It is clear that the filter x on the set IN
belongs to F if and only if

{ke N:k>m} ex

for every m € IN.

For every x € F,by N, we denote the space N U {x} in which all points m € IN are isolated
and a set AU {x}, where A C N, is a neighborhood of the point x in Ny if and only if A € x.

Let us prove some properties of filters from F.

Lemma 1. Let x be a P-filter from F, ¢ : N — IN be such that for any m € N a set ¢~ (m) is
finite. Theny = {B C IN : there exists a set A € x such that ¢(A) C B} is a P-filter from F.

Proof. First we show that y is a filter.

1) Let By, By € y. We show that B; N B, € y. According to the construction of y, there exist
sets A1, Ay € x such that ¢ (A1) C By, ¢ (Az) C By. Since x is a filter, Ay N A € x and

q)(Al ﬂAz) C q)(Al) ﬂgD(Az) C By N By.
Hence, Bi N By € .

2) Let By € y and By € B. We show that B € y. Since B; € y, there exists a set A € x such
that ¢(A) C Bj. Moreover, since Bj C A, ¢(A) C B. Therefore B € y. Hence, v is a filter.

Now we show that y is a P-filter. Let (By,);,_; be a sequence of sets from y. Then for any
m € IN there exists a set A,, € x such that ¢ (A;;) € By,. Since x is a P-filter, there exists a set
A € x such that for any m € IN aset A\ Ay, is finite. Put B = ¢(A). It is obviously that B € y.
Then for any m € IN we have

B\ By = @(A)\ B C ¢(A)\ ¢ (Am) C @ (A\ Am).

For any m € IN a set ¢~ !(m) is finite, so ¢ (A '\ Ay ) is finite. Then the set B \ By, is finite.
Hence, y is a P-filter.

Finally, we show that y € F. Itis enough to show that {k € N : k > m} € y for any m € N.

Take any m € IN and put m; = max ¢~ 1(i) + 1. Since for any k € N a set ¢~ (k) is finite,
¢({keN:k>m}) C {keN:k>m} Sincex € F, wehave that {k € N : k > m;} € x.
Thus, {k e N:k >m} € y.So,y € F. O
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n

Lemma 2. Letn > 2, x1,...,x, be P-filters from F,y = { NBi#2:B1€y,...,By € yn}.
i=1

Theny is a P-filter from F.

Proof. First we show that y is a filter.

1) Let By, B, € y. We show that By N B, € y. According to the construction of y, for every
n n
1 <i < n there exist sets Ay;, Ap; € x; such that By = () Ay;, Bo = () Ay. Then

i=1 i=1

B1NBy = <ﬁA1i) ﬂ(ﬂA21> = ﬂ AlzmAZZ)
i=1 i=1

Since A1; N Ap; € x;forevery 1 <i <mn,wegetBNBy €.

2) Let By € yand By C B. Show that B € y. Since By € y, for every 1 < i < n there exists
A; € x;such that By = ﬂ A;. Forevery 1 <i < nwe have that A; C A; U B and therefore
=1
A;UB € x;. Then

n n

BzBU(ﬂAi) — N(A;UB).

i=1 i=1
Hence, B € y.
So, y is a filter. Now we show that y is a P-filter. Let (B,,)5,_; be a sequence of sets from y.
Then for any m € IN and for every 1 < i < n there exists a set A,;; € x; such that B, = ﬂ A
i=1
Since x; is a P-filter for every 1 < i < n, there exists a set A; € x; such that for any m € IN the

n
set A; \ Ay is finite. Put B = [ A;. Itis clear that B € y. Then for any m € IN we have
i=1

B\ By = <ﬁAi> <ﬂAmz> :ﬂ Ai\ Api)-

For any m € IN and for every 1 < i < n the set A; \ A, is finite and so the set B \ By, is
finite. Hence, y is a P-filter.

Finally, we show that y € F. It is enough to show that {k € N : k > m} € y for any m € IN.
Since y contains the intersections of sets from xi,...,x, and {k € N:k > m} € x; for any
m € N and foreach 1 <i < n,weobtain{k € N:k>m} €y.So,y € F. O

Proposition 1. Letn > 2. The following statements are equivalent.
(i) Any two P-filters from F are near coherent.
(ii) Forevery n > 2 any n P-filters from F are near coherent.

(iii) For somen > 2 any n P-filters from F are near coherent.

Proof. (i) = (ii) Assume that any two P-filters from F are near coherent. Show that any n
P-filters from F are near coherent. To prove this we use the mathematical induction method.
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It is obvious that for n = 2 the statement is true.

Let this be true for some n € IN. Show that the statement is valid for arbitrary P-filters
X1,...,%Xn, Xp4+1 from F. According to the induction assumption, xj, ..., x, are near coherent,
so there exists a function ¢ : IN — IN such that for any m € IN the set ¢~ !(m) is finite and

n
N ¢(A;) # @ for arbitrary sets A1 € x1,..., Ap € xp.
i=1

Foranyi < n+1wesety; = {B C N : thereexistsaset A € x; such that ¢(A) C B}.
According to Lemma 1, y; is a P-filter from F. According to the choice of the function ¢, we

n
have (| By # @ forany By € y1,..., By € yu.
i=1

1=

n
Sety = { .ﬂl Bi:By€yi,...,By € yn}. By Lemma 2 we have that y is a P-filter. According
1=

to item (i), y,+1 and y are near coherent. So there exists a function ¢ : N — IN such that for
any m € IN the set ¢~!(m) is finite and ¢ (A) N y(B) # & for arbitrary sets A € y,,.1,B € y.
n
Seth =og.Let A] € x1,...,An € X, Ays1 € X171 be arbitrary sets. Since ) ¢(A;) € y
i=1

1=

and ¢ (An+1) € Ynt+1, we have

n+1 n+1

N (40 = (9040 2 p( N 9(A)) Np(p(An) # .
i=1 i=1 i=1

Therefore, x1, ..., Xy, X, 41 are near coherent. Thus, according to the mathematical induc-
tion, any n P-filters from JF are near coherent.

(ii) = (iii) It is obvious.

(iii) = (i) Assume that for some n > 2 any n P-filters from F are near coherent. Let x, y be
P-filters from F. We consider the following n P-filters x,y,y, ...,y from F. According to the
assumption, these n P-filters are near coherent. Then x, y are near coherent. O

Lemma 3. Letn > 2, m € N, xq,...,x, be filters from F that are not near coherent. Then
there exist sets Ay € x1,..., Ay € x, such that for any point (ay, ..., a,) € [1}_, Ak there exist
numbersi,j € {1,...,n} such that ‘ai — a]-‘ > m.

Proof. For any 1 < k < m + 1 we consider the function ¢, : N — IN defined by

p(y) = [ m1

y+k+m— 1]
where [x] means the integer part of x € R.
Since the filters xq,...,x, are not near coherent, for any 1 < k < m + 1 there exist sets

n
A € x1,..., Agy € Xy such that N ¢k (Ay) = 2.
i=1

m—+1 n

Forany i < n, put A; = [\ Aj. Let us note that A; € x; and ) ¢x(A;) = @ for any
k=1 i=1

1 <k <m+1 Foranyj < n, takea; € Ajand i < n such that a; = min{aj 01 <j<n}

Now chose 1 < k < m + 1 such that the number a; + k + m — 1 is divisible by m 41, i.e.

% € N. Then for y € IN N [a;, a; + m] we have ¢ (y) = ¢i(a;).
n n
Since N ¢x(Aj) = and (ay,...,an) € [] Aj, there exists j < n such that ¢ (a;) # @x(a;).
j=1 j=1

Then a; ¢ [a;,a; + m]. According to the choice of aj, we have a; < a;. Hence, a; > a; + m. O
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2 Necessity

n
Let n > 2,Xj,..., Xy be topological spaces, X = []X;, Sy = {SC{1,...,n}:S # o},
i=1

SeSyand T ={1,...,n}\S,Y = [1 Xs, Z = I X;. Forevery point x = (x1,...,%,) € X, let
seS teT
us denote x|, = (xs)ses and X|p = (xt)ter. It is obvious that x|, € Y, x|, € Z, and the function

¢ps 1 X — Y x Z, defined by
¢s(x) = (x5, %)),

is a homeomorphism.
A function f: X — R is called S-continuous at the point xy € X if the function fs:Y x Z =R,
defined by

fsw.2) = f (95'(v,2)

is continuous with respect to the variable y at the point ¢g(xp). If a function f is S-continuous
at every point x € X, then f is called S-continuous.

Let S C S, A function f : X — R is called separately continuous by groups from the system S
or separately S-continuous if f is S-continuous for every S € S.

A function f : X — R is called strongly separately continuous if it is separately S,-continuous.

It is obvious that every continuous function at a point is separately S-continuous at this
point. Moreover, a function f : X — R is {k}-continuous for every k € {1,...,n} if and only if
f is separately continuous.

For m < n, aset E C X is called m separately finite if for an arbitrary set S € S, such
that the cardinality of S, denoted |S|, is equal m, and for any point z € [[;cr Xt, where
T={1...,n}\S, theset {y € [Tses X : (y,2) € E} is finite.

A set E C X is called strongly separately finite if E is (n — 1) separately finite.

The following property is obvious.

Proposition 2. LetE C A =[][i.; A; € X and m < n. Then the set E is m separately finite if
forany S € S, with |S| = m, and for any pointz € [];cr A, where T = {1,...,n}\ S, the set

{v € ses As : (y,z) € E} is finite.
Let us look for the propositions of strongly separately finite sets.

Lemma4. Letn > 2 and E C IN" be strongly separately finite set. Then there exists a sequence
(Cr)p2, of pairwise disjoint finite subsets of N such that

]N:|_|Ck and EQU U (Ck1><-~><Ckn): U (Cklx---kan).
k=1 k=1k<k1<---<k,<k+1 |ki—kj|§1

Proof. For any two different i,j < n and for every m € IN, put

A(i,j,m) = {k € N :there exists (x1,..., X1, Xi+1,-- -, Xj—1, Xj41,- -, Xn) € N"—2

such that (x1,..., X1,k Xz, ..., Xj_1, M, Xj41,..., Xn) € E}.

Notice that every set A(i, j, m) is finite because E is strongly separately finite.
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We construct the sequences (Dy )2, and (Cy)7> ; of sets as follows:

Dy =, mﬂszmnj(U U mwmﬂ,

meDy 1<i,j<n
i#]
Ci+1 = Diy1 \ Di
for every k € IN.
Since k € Dy, 1 forany k € N and C; N C; = & for any i # j, we have k|°_:]1 Cr=N.

Now, we show that
Eg U (Cklx---kan).
ki—Fkj| <1

Fix any point (x1,...,x,) € E and putk = min{m € N : {x1,...,x,} N Dy, # @}. Without
loss of the generality we can assume that x; € Dy. Then x; € Cy and for any 2 < i < n we have
that x; € A(k,1,x1). Thus, x; € Dy 1 for any 2 < i < n. Taking into account the choice of k we
obtain x; € Dy 4 \ Dy_4 for any 2 < i <n.So,x1 € Ciand x; € Dyyq \ Dy 1 = CeUCryq for
every2 <i<mn.Thus, (x1,...,xs) € U (Cg x---xCy,). a

lki—kj|<1
Theorem 1. Let n > 2 and uy,...,u, be P-filters from F, X; = INy, for every i < n,
u = (ug,...,uy), X = [I.1X;. Let f : X — R be a strongly separately continuous func-
tion such that D(f) = {u}. Then there exists strongly separately finite set E C X such that the
characteristic function x|g : X — {0, 1} is discontinuous at the point u.

Proof. The function f is discontinuous at u, so there exists ¢ > 0 such that w¢(u) = e > 0.
Since f is strongly separately continuous, for any set S € §; the function fs : X5 — R,
fs(y) = f(y,u|r), where T = {1,...,n}\ S and X5 = [;cs X;, is continuous at u|s. There-
fore, for any i € S there exists A(i,S) € u; such that for any point y € [;c5 A(i,S) we have
[fs(y) = fs(uls)| <&

Foranyi € {1,...,n},denote S,(i) = {S € S,:i€ S}and A; = [\ A(,S). Notice that

Se8,(i)
A; € u; as the intersection of finite number of sets from u;. Moreover, A = ] ; A;. Then for
any S € Sy and for every y € [];c5 A; we have that |fs(y) — fs(uls)| < ¢, i.e.
€
£y ulr) - fw)] < ¢ 8

Analogously, since f is strongly separately continuous, for any set S € S, and for any point
x € [Ticr Ai the function fsy : Xg = R, fsx(y) = f(y,x), where T = Ts = {1,...,n}\ S, is
continuous at the point u|s. So for any i € S there exists a set A(i,S,x) C A;, A(i,S,x) € u;
such that for any pointy € [T;cs A(i, S, x) we have that | fs »(y) — fsx(uls)| < &, ie.

f,2) = f (uls,%) | < &)

Foranyi € {1,...,n} theset £; = {(S,x) : S € Su(i), x € [Ijer, Aj} is countable and so the
family of sets (A(7, S, x) : (S,x) € L;) is countable for every i € {1,...,n}. Since A(i, S, x) € u;
and u; is a P-filter for every i € {1,...,n}, there exists a set B; C A; such that B; € u; and the
set B; \ A(7, S, x) is finite for any (S, x) € L;.

N ™
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Put B=T[]/BiandE = {x € B: [f(u) — f(x)| > §}.Letus prove that the set E is strongly
separately finite. Using the induction with respect to m, we show that forevery 1 <m <n —1
the set E is m separately finite.

First show that the set E is separately finite. Fixi € {1,...,n}, put S = {i}, T = Ts, and fix
z € [ljer Aj. It is enough to show that the set E(S,z) = {y € A; : (y,z) € E} is finite. To do
this, let us show that E(S,z) C B; \ A(i, S, z).

Since E C B, E(S,z) C B;. Assume that there existsy € E(S,z) N A(i,S,z). Then (y,z) € E
Therefore, |f(u) — f(y,z)| > §.

On the other hand, according to (1) and (2), we have

) = f(,2)] < [f () = flui,2)] + | flui,2) = f0,2)] < 2+ ¢ = 5

We got a contradiction and so E(S,z) N A(i,S,z) = @. Therefore E(S,z) C B; \ A(i, S, z)
and the set E(S, z) is finite. Thus, the set E is separately finite.

Let1 < m < n —1 and the set E is m separately finite, so for any set S € S, such that
S| = m and for any point z € [Ticr, A; the set E(S,z) = {y € [lies Ai : (y,2) € E} is finite.
We show that E is (m + 1) separately finite.

Fix an arbitrary S € S, |S| = m+1, T = Ts and z € [];c A;. Show that the set E(S, z) is
finite. For any point y € [;c5s A(i,S,z) C [1;es Ai according to (1) and (2), we have

€

f0) = f,2)] < [f ) = fluls,2)| + |fuls, )~ Fw,2)] < g+ =3
ie. (y,z) ¢ Eand (y,z) ¢ E(S,z). Since E C B =[] B;, E(S,z) C [];cs Bi- Thus,

2) C (EBZ) \ (HA(i,S,z)) - U {y e [T B x (B\A(i,S,2): (v,2) € E}.

i€S ieS jeS\{i}

Foreveryi € SputS; =S\ {i} and
F={ye[1Bix (B\A(,S2): (y2) € E}.

JESi

According to what we proved above, we have that E(S,z) C | F.
ieS

It remains to show that all sets F; are finite. Fix i € S. The set B; \ A(3, S, z) is finite. For
every k € B; \ A(i, S, z), according to the induction assumption, the set

E(S;, (k,z)) {yeHB (y,k z) EE}
JES;

is finite. Since F; = U E (S, (k,z)), the set F; is finite. Thus, the set E(S, z) is finite.
keB\A(i,S,2)
So, the set E is (m + 1) separately finite. According to the mathematical induction, for any
1 < m < n the set E is m separately finite. Therefore, the set E is strongly separately finite.
Not we show that x|g is discontinuous at the point u. For every i < n take an arbitrary
neighborhood V; of u;. Since B; U {u;} is a neighborhood of the point u;, U; = V; N (B; U {u;})
is a neighborhood of u;. Put U = [T, U;.

It follows from the inequality sup {|f(u) —
xel

= £ > £ that there exists a point

y € U such that |f(u) — f(y)| > §. We show thaty = (y1,...,yx) € B =TI\, Bj, ie. y; # u;
for every i < n.
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Assume that S = {i # n : y; = u;} # @. Itis clear that in this case T = Ts # &. Then
y|r € T1 B; and according to (1), we get | f(u) — f(y)| = |f(u) — f(y|r, uls) < &. We obtained
icT
a contradiction.
Hence, y € Band y € E. It means that E N U # &. Taking into account the arbitrariness of

V;, we got that u € E and this means that x| is discontinuous at the point u. O

Theorem 2. Letn > 2, xq,...,x, be P-filters from F that are not near coherent, X; = IN,,
for every i < n. Then every strongly separately continuous function f : []i_; X; — R is
continuous.

Proof. Assume that there exists a strongly separately continuous function f : [T.; X; — R
such that f is discontinuous. Since the function f is strongly separately continuous and all
points except (x1, ..., x,) are isolated at the appropriate spaces, D(f) = {x1,..., X}
According to Theorem 1, there exists a strongly separately finite set E C IN" such that the
function x| is discontinuous at (xy, ..., Xy).
0]

Using Lemma 4, we take a sequence (Cy);2_, of pairwise disjoint finite subsets of IN such
that

1N=|_|Ck and E C U (Cklx---kan).
k=1 |ki—kj| <1

Consider the function ¢ : N — IN defined by ¢(m) = k for any k € N and m € C;.
According to [12, Theorem 5.3.2], x| = ¢(x1),...,x, = ¢@(x;) are P-filters from F. Since
X1,...,Xy are not near coherent, x7, ..., x), are not near coherent. Therefore, by Lemma 3 there
exist A] € x},..., A} € x}, such that for any point (a3, ...,a,) € [, A} there exist numbers
i,j < nsuch that |g; —a]-‘ > 1.

Put A= ¢ 1(A}]),...,An = ¢~ (A},). For any point (y1,...,yn) € 1/ A; we have that
(yl,...,yn) % U (Cklx---kan).

lki—kj|<1
Thus [T.; AiNE = @ and this contradicts that the function x| is discontinuous at the
point (x1,...,X,). So, our assumption is wrong and the function f is continuous. U

3 Sulfficiency

Proposition 3. Letn > 2, X1, X», ..., X, be topological spaces, for every i < n a point x;y be
a non-isolated Gs-point in the space X; and ¢; : X; — [0,1] be continuous function such that
{xi0} = ¢;(0) and the cardinality of a set {i < n : for any neighborhood U; of the point x;o a
set ;(U;) is a neighborhood of 0 at [0, 1))} is bigger or equal n — 1. Then there exists a strongly
separately continuous function f : T ; X; — R such that D(f) = {(x10, ¥20,- .., Xn0) }-

Proof. Without loss of the generality we can assume that for every i < n and for any neighbor-
hood U; of x;jg the set ¢;(U;) is a neighborhood of 0 at [0, 1].
Consider the function f : [T ; X; — R, defined by
n(pl(xl)...(pn(xn) (x X ) # (x X )
Pl (x1)++ @k (xn)” 17+ dn 107+ - 7200/,

0, (X1, .., xn) = (X10, -+, Xno)-

flxg, ..., xn) =
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The function f is continuous at each point of the set [T X; \ {(x19, - .., Xu0) } as a composition
of continuous functions. Moreover, for any i < n the function
n
fri - H X; — R, Frio (X1, oo X1, X1, -, Xn) = f(X1, .00, Xiz1, Xio, Xig1, - - -0 Xn),
j=1,j#i

equals to 0 and it is continuous. So the function f is strongly separately continuous.

It remains to show that the function f is discontinuous at the point (xjg,...,xs0). Let
0 < € < 1. For any i < n take an arbitrary neighborhood U; of the point x;y. For every
i < n the set ¢;(U;) is a neighborhood of 0 at [0,1]. Therefore, there exists §; > 0 such that

[0,0;) € ¢;(U;). Puté = min J;.
1<k<n

The function ¢, is continuous at the point x,,9o and ¢, (x,0) = 0. Thus there exists a neigh-
borhood V,, of the point x,,o such that for any point x,, € V;, we have 0 < ¢, (x,) < 6. The point
Xy0 is non-isolated in Xy, so there exists a point x), € (U, N Vy) \ {xn0}. Then ¢,(x),) > 0,
because {x,0} = ¢;1(0).

According to the choice of 4, for any i < n there exists a point x; € U; such that
¢i(x}) = @u(x},). Thus,

\f (21, oxp) = f(xa0, - xn0) | = f(x], ..., x) =1 >¢
and D(f) = {(x10,---,%n0) }- O

Proposition 4. Let n > 2 and xy,x,...,x, be P-filters from F that are near coherent,
X; = Ny, for every i < n. Then there exists a set H C IN" such that the characteristic function
f: X =TI, Xi = R, f = x|n, is strongly separately continuous with D(f) = {(x1,...,x,)}.

Proof. Since x1, ..., x, are near coherent, there exists a function ¢ : N — IN such that ¢ ~1(m)

n
is finite for any m € IN and () ¢(A;) # @ for every i < n and for any set A; € x;.
i=

Consider the set H = {(uy,...,un) € N" : ¢(u1) = --- = ¢(un)} and the function
f:X = R, f = x|g. We show that f is strongly separately continuous. For every i < n
the function f,, equals to 0 and so it is continuous. Thus the function f is continuous at all
points from the set IN”, because all points from the set IN" are isolated.

Take any point u; € IN and show that the function f,, is continuous on H;’ZZ X; \ IN" 1,
Let (up,...,uy) € H}lzz X; \ IN"71, i.e. there exists a number 2 < i < n such that u; = x;.
According to the choice of the function ¢, we have that ¢~ (¢(u1)) is finite. This means that
there exists a number m; such that ¢(m) # ¢(uq) for every m > my.

Since x; € F,U; = {m € N : m > my} € x;,s0 U; U{x;} is a neighborhood of x;. Moreover,
o(Ui) N{g(m1)} = 2.

Let U; be an arbitrary neighborhood of the point u; for every 2 < j < n,j # i. According
to the choice of U;, fu, = 0 on the open set [[i_, U; and so the function f,, is continuous
at the point (up, ..., u,). Taking into account the arbitrariness of the point (uy,...,u,), the
function f,, is continuous on [T, X; \ N"~L. In the same way we can get that the function f,,
is continuous for any 2 < i < n. Thus the function f is strongly separately continuous.

Now we show that f is discontinuous at (x1,...,x,). We take U; € x; is an arbitrary set
for every i < n. According to the choice of ¢, there exists the point (uy,...,u,) € [T U;
such that ¢(u1) = --- = ¢@(uu). Then f(uy,...,uy) = 1, so we(xy,...,x,) > 1. Hence,

D(f) ={(x1,...,xn)} d
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Proposition 5. Let n > 2 and xy,...,x, be filters from F such that at least one is not a
P-filter, X; = N, for every i < n, X = []i.; X;. Then there exists a set H C IN" such
that the characteristic function f : X — R, f = x|n, is strongly separately continuous with

D(f) ={(x1,...,xn)}.

Proof. Without loss of the generality we can assume that x,, is not a P-filter, i.e. there exists a
sequence (Ag)p, of sets Ay € x,, such that for any set A € x, there exists an integer m such

that A \ Ay, is infinite and this sequence is monotonically decreasing.
Put H = {(ul,...,un) e N":u, € <A1\Amin ”i) N [ max ul-,oo>} C N"and f = x|g.

1<i<n 1<i<n

We show that f is desired. Fix u,, € IN. Notice that

{(ul,...,un_l) eN""1: (uy,...,u,) € H} C {(ul,...,un_l) e N* 1. 1r£11a<>;u1- < un}.
Therefore, this set is finite and so it is clopen in H?:_ll X;. Thus, the function f,, is continuous
as the characteristic function of clopen set. Moreover, the function f is continuous at every
point of a set X7 x - -+ x X,,_1 X {uy,}, because the point {u, } is isolated at X.

Now, let u, = x, and (u1,...,uy) € X\ {(x1,...,%,)}. Then there exists an integer
i < n such that u; € IN. Without loss of the generality we can assume that u; € IN and
up = min{u; : u; € N,1 <i < n}. Then

{ur} x Xo x -+ x X1 x (Ay, U{xn}) C £H0).

The set {u1} x Xp x -+ X X1 X (A, U{x,}) is an open neighborhood of the point
(u1,uy, ..., uy), so the function f is continuous at the point (u1, ..., uy).

Thus, the function f is continuous at all points of the set X \ {(x1,...,x,)}. In particular,
for any i < n the function f,, = 0 is continuous. Thus, the function f is strongly separately
continuous.

Now, we show that D(f) = {(x1,...,x,)}. Assume that the function f is continuous. Since
f(x1,...,x4) =0, for every i < n there exists a set B; € x; such that f(uy,...,u,) = 0 for any
point (uy,...,u,) € [T Bi.

Put A = B, N A;j and fix m € IN. Since {k € N : k > m} € x; for every i < n, there exists

m; > m such that m; € B; for every i < n. Put p = min m;,q = max m;. It is obvious that
1<i<n 1<i<n

p > m,q > m. Notice that f(my,...,m,_q,u,) =0,1e. (my,...,my_1,u,) ¢ H for any u, € A.
Moreover, taking into account the choice of p and g, we obtain

AN(A1\ Ap) N g, 0) = (A\ Ap)N[g,00] = 2.

Thus, the set A\ Ap is finite. Since A, C Ay, the set A \ Ay, is finite. Since we took
an arbitrary number m € IN, we got a contradiction with condition that x, is not a P-filter.
Therefore, the function f is not continuous at (x1,...,x,) and D(f) = {(x1,...,xx)}. O

The next corollary follows from the the Propositions 4 and 5.

Corollary 1. Let n > 2. Let x1,x3,...,x, be filters from F such that one of the following
conditions is true:

1) at least one of xj, is not a P-filter;

2) x1,x3,...,x, are P-filters and they are near coherent.
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Forevery 1 < k < n put X, = INy,. Then there exists a set H C IN" such that the char-
acteristic function f : X = [T}_; Xy — R, f = x|u, is strongly separately continuous with

D(f) ={(x1,...,xn)}.

Theorem 3. Let n > 2 and Xj,..., X, be completely regular spaces, xjy be a non-isolated
Gs-pointin X; for every i < n and any two P-filters from F are near coherent.Then there exists
a strongly separately continuous function f : [T} ; X; — R such that D(f) = {(x10,...,%n0) }-

Proof. According to [12, Lemma 5.3.7], for every i < n there exists a continuous function
@i+ X; — [0,1] such that ¢; 1(0) = {xj}.

If there does not exist or there exists exactly one number 7 such that there exists an open
neighborhood U; of the point x;y such that the set ¢;(U;) is not a neighborhood of 0 in [0, 1],
then according to the Proposition 3 the theorem is true.

Now, let there exist at least two such numbers. Without loss of the generality we can as-
sume that there exists the number j < n — 1 such that for every j < i < n there exists an open
neighborhood Uy of xjy such that ¢;(Uj) is not a neighborhood of 0 in [0, 1]. Then according
to [12, Lemma 5.3.9], for every j < i < n there exists a monotonically decreasing sequence
(Fim);f:l of clopen sets F;,, in the space Ujp such that F;; = Ujp and {xjo} = ﬁ F;,,. Moreover,

m=1
since xjo is non-isolated point, we can assume that (F,);,_; is strictly monotonically decreas-

ing sequence.
For every j < i < n we consider the surjective function ¢; : Ujp \ {x0} — IN defined by
Yi(Fim \ Fim+1) = {m}. Forevery j <i < n, put

uj = {;(U \ {x0}) : U is a neighborhood of the point x;o }.

It is clear that u; is a filter from F.

For every j < i < n, put ¢;(xj) = u;. We obtain the function ¢; : Uy — N, which is
continuous at the point x;y. Moreover, since every set F;,, \ F; ;41 is clopen, the function ; is
continuous at all points from Ujp \ {xjp}-

According to Proposition 1, any n — j + 1 P-filters from F are near coherent. It follows from
Corollary 1 that there exists a set A C IN”"—/*+1 such that the function s : ?:]- N,, — [0,1],
s = x|a, is strongly separately continuous and D(s) = {(uj,...,un)}.

Consider the function ¢o : [T_; Uio — [0,1], @o(xj, ..., xu) = s(9;(x;), ..., Pn(xs)). Since s
is strongly separately continuous, the function ¢y is strongly separately continuous. Moreover,
¢o is continuous at all points from the set <H?:j LIZ-O) \ {(xjo,---,xn0)} as composition of con-

tinuous functions. For every j < i < n and for any neighborhood U; of xjy, the set ¢;(U;) is a
neighborhood of the point u; in the space IN,,,. Thus,

n n
W, <H le-> = w; (Hlpi(ui)) > ws(Uj, ..., Un).
i=j i=j
Hence, the function ¢y is discontinuous at (xjo, - - ., x,0) and D(¢o) = {(xjo, -, Xn0) }-

Next we consider the following two cases.

1. Let j = 1. Since the space [ ; X; is a completely regular space, there exists a continu-
ous function 6 : [T X; — [0,1] such that 6(x3g,...,x0) = 1 and 0(xy,...,x,) = 0 if
(Xl, .. .,xn) é H?:l Uz'o.
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Now we put f : [T ; X; = R,

n
O(x1,..., xn)po(x1, ..., %), (x1,...,%n) € Euio,

fxq, ..., xn) = =
0, (x1,...,x0) & TT Ujp.
i=1

According to [12, Proposition 5.3.10], D(f) = D(¢o) NTTi; Ujo. Therefore, the function
f is strongly separately continuous with D(f) = {(xjo, ..., Xn0)}. Hence, the function f
satisfies the condition of theorem.

. m—1
2. Letl <j < n. Forany m € N, letus set Ay, = (AN[1L,m]"JT1)\ || Ay Itis obvious
k=1
that A = ml_:|1 A and Ay # A, for p # g. Now we define ¢ : [iL; Uip — [0,1] by

@(Xi. ., Xn) = {% <l/’f(xf)f---fllfn£xn)) € An,
0, ¢olxj,...,xs) =0.

Let us show that ¢ is continuous function. For any (xj,...,x,) € ( i UZ-0> \{(xjo,- -, Xn0) }

such that @o(xj,...,x») = 0, the function @g is continuous at (xj,...,xx). So there exists a
neighborhood of this point such that ¢y = 0 on it. Therefore, ¢ is continuous at this point.

According to the construction of Ay, for any (xj,...,x,) € ( f’:j Uz‘o) \ {(xjo, e Xn0)}

such that ¢o(x;, ..., xn) # 0, there exists an integer m such that (¢j(x]-), s, ¢n(xn)) € A, and
so Yi(x;) € [1,m] for every j < i < nand x; € Fyy,(y,)- Forevery j <i < n the set Fyy,(y,) is an
open neighborhood of x; and for every point (x;, ce, X)) E [T Fiy,(x; we have

1 1
B '_ B _' B 0.
m m
Thus, the function ¢ is continuous at the point (xj, ..., x,).
Now we need to show that the function ¢ is continuous at the point (xj, . .., x40). For any

‘q)(x]-,...,xn) — @(xj, -+, Xn)

: 1 :
¢ > 0 there exists a number m € IN such that p” < ¢. For any point (x;, s, X)) € I—[?:]- F;,, we

have

1
¢(x;,,x;1)_¢(x]0,...,xn0) :q)(x;’,x;l)ga<g.

So, the function ¢ is continuous at the point (xjy, . .., X,0) and therefore it is continuous.
Now consider the function g : H{;} X; x H?:]- Ujp — R, defined by
jo1(x1)--@j—1(xj—1) @(xj--Xn)
L)+ 4@y (351 + 1 (4, 0)
g(xl,. . .,xn) = hn Pi—1\Xj—1) TP Xjye s Xn
0, P1(x1) + -+ @(x,...,x,) = 0.

;o e1(x) ++e(xj,.,x0) >0,

We show that the function g is strongly separately continuous. For any i < j fix any point
x; € X; \ {xj0}. Consider the function

j—1 n
8t HXZ X H uiO —- R, gxi(xll e X1, Xi4 1, - -/xi’l) = g(xll e Xic1, X, X4 1, - -;xn)-
i=1 i=j

i7]
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The function gy, is continuous as composition of continuous functions, because ¢;(x;) > 0.
Moreover, for any i < n the function gy,, = 0. Therefore g, is continuous.
Now for every j < i < n we fix any point x; € Ujy \ {xjo}. Consider sets

n

H = {(xj/---,xi—1,xi+1,---,xn) € TT Ut (@i(x)), - gilxi), - u(xn)) € A)}

1=j,1i

and

n

G = {(x]-,...,xi,l,xiﬂ,...,xn) € H Ujp : (IIJ]'(JC]'),...,l[)k(xi),...ll)n(xn)) ¢ A)}

1=j,1i

Since the characteristic function x| 4 is strongly separately continuous, the sets H and G
n

are openand HU G = | I}#‘Um. For any point (x;,...,%;_1,Xit1,...,%:) € H we have that
=i, 14
goxl,(x]-, e Xil1, Xig1, -, Xn) #O.

Thus, the function g, is continuous at every pint from the set H as composition of con-
tinuous function. At the same time for any point (x]-, e, Xil1,Xi41,---,X%n) € G we have that
goxl,(x]-, ceesXis1, Xit1, .- ., Xn) = 0. Therefore, gy, = 0 and gy, is continuous.

Hence, the function g is strongly separately continuous. It remains to show that f is dis-
continuous at the point (xq, ..., Xn0).

Let 0 < ¢ < 1. For any i < n we take any neighborhood V; of the point x;y. For every i < j
the set ¢;(V;) is a neighborhood of the 0 in [0, 1]. Thus, there exists a number é; > 0 such that
[0,0;) C ¢x(V;). Puté = min J;.

1<i<j
The function ¢ is contim]lous at the point (x]-O, ..., Xy0) and go(xjo, .., Xn0) = 0. There-
fore, for every k < i < n there exists a neighborhood V; of the point x;y such that for any point
(Xj, ..., xn) € H?:jVi we have that 0 < ¢(xj,...,x,) < 0. Forevery j < i < n
we get P;(V;) € u;. Since D(s) = {(uj,...,u,)} and supps C IN"""1, there exist points
x; € Vi\{xjo},..., %, € Vi \ {xn0} such that (%(x}),...,gbn(x;)) € Aand ¢(x/,...,x),) > 0.
It follows from the choice of ¢, that for any i < j there exists a point x; € V; such that
Pr(x) = (p(x;,...,x;). Then |g(x},...,x,) — 8(x10,-- -, Xn0)| = g(x},...,x;,) =1 > &. There-
fore, D(g) = {(x10,---,%n0) }-
Since [T} ; X; is completely regular space, there exists a continuous functi_on 0:11, Xi —
[0,1] such that 6(xyg,...,x0) = 1and 0(xy,...,x,) = 0,if (x1,...,x,) & H{;} X; x H?:]- Ujo.
Now we consider the function f : [T\ ; X; — R, defined by

j—1 n
0(x1,...,xn)8(x1, ..., xn), (x1,...,x0) € TT X; x TT Ujp,

1 iy
f(x1,...,xn) = ;_1 Zn]
O, (xl,...,xn)eé l_leiXH‘Uio.
1= 1=]

According to [12, Proposition 5.3.10], D(f) = D(g) N H{;} Xi x TTi=j Uio- Thus, f is a strongly
continuous function with D(f) = {(x10,...,%n0) }- O

The next theorem is the main result of this article and it follows immediately from the
previous theorems.
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Theorem 4. The following statements are equivalent:

(i) for any n > 2, completely regular spaces Xj, ..., X, and non-isolated Gs-points in

corresponding spaces x19 € X1,...,Xy0 € X;, there exists a strongly separately continuous
function f : TT! 1 X; = R with D(f) = {(x10,...,Xn0) };

(ii) any two P-filters from F are near coherent.
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Ko3noscoxuit M. PospusHi cunvHo HApi3HO HenepepeHi (pyHKyil 6azamvox 3MiHHUX ma Maildce KozepeH-
muicmu 0eox P-pinempie // Kapmarceki mateMm. myba. — 2024. — T.16, Ne2. — C. 469-483.

Mu posrasiaaeMo TIOHSTTSI Malike KOTepeHTHOCTi 1 P-dpiabTpis i mokasyemo, mo marike Kore-
PeHTHicTb AOBIABHMX 11 P-piabTpiB exBiBareHTHa MaViKe KOTepPeHTHOCTi AOBIABHMX ABOX P-pinb-
TpiB. AAst AOBinbHOTO pinbTpa u Ha IN gepe3 N, mMu mosHauaemo mpoctip IN U {u}, B SIKOMY BCi
touxu 3 IN i30apoBaHi i MHOXMEM A U {u}, A € u, € okoraMu u. Y CTaTTi BBEAEHO MOHSITTSI CUABHO
Hapi3HO cKiHueHHMX MHOXUH. AAsd X = Ny, X -+ - x INy,, A0OBeAeHO, 1110 iCHyBaHHSI CUABHO Hapi3HO
HernepepBsHOI pyHKIIl f : X — R 3 0OAHOTOUKOBOIO MHOXMHOIO po3puBiB {(u1,...,u,)} O3Hauae,
110 icHye Hapi3HO ckindeHHa MHOXMHA E C X Taxa, 1o XapakTepucTidHa (pyHKIIS x|p pO3pMBHA
B (U1,..., Uy ). BUKOPHMCTOBYIOUN AQHWIT (PAKT MV AOBEAM, IO iCHYBAHEHSI CMABHO Hapi3HO CKIHUEHHOT
dyukuii f : Xq X -+ X X; — R Ha A06YTKY LIIAKOM PeTYASPHMX IPOCTOpiB X} i3 OAHOTOUKOBOIO
MHOXWHOIO pPO3PMBiB {(x1,...,%4)}, Ae x; HeizoapoBaHa Gs-TOuka B Xk, €KBIBAAEHTHE AO Maiixe
KorepeHTHOCTi P-cpiAbTpiB.

Kontouosi crosa i ¢ppasu: HapisHO HeTlepepBHa (pYHKIIisI, CMABHO Hapi3HO HellepepBHa (PYHKIIis,
P-dirnTp, obepHeHa 3apa1a, OAHOTOUKOBMIA PO3PYB.



