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Research on the convergence of some types of functional
branched continued fractions

Bodnar D.I.'®™, Bodnar 0.S.2, Dmytryshyn M.V}, Popov M.M.3# Martsinkiv M. V.3,
Salamakha O.B.5

An analysis of research on the problem of convergence of various types of functional branched
continued fractions has been carried out. Branched continued fractions with N branching branches
and branched continued fractions with independent variables are considered. The definition and, in
our opinion, characteristic criteria of convergence of multidimensional generalizations of C-, S-, -,
J-fractions are given, both for branched continued fractions of the general form with N branching
branches and branched continued fractions with independent variables. Such multidimensional
generalizations of continued fractions arise, in particular, in the development of various classes
of hypergeometric functions of several variables, in particular, the functions of Appel, Lauricella,
Horn, etc.
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Introduction

In the analytical theory of branched continued fractions, by analogy with continued frac-
tions [48, 50, 55], various types of functional branched continued fractions (BCF) are con-
sidered. They are used to construct rational approximations of various classes of analytical
functions of several variables. To obtain these expansions, the principle of correspondence
between multiple power series and functional BCF is used [7,17,19, 23,27, 31,34, 40,49, 51, 52],
as well as some specific properties of the functions expressed in the presence of certain recur-
rence relations. This is characteristic of hypergeometric functions, in particular the functions
of Appel, Lauricella, Horn, etc. The latter approach is the most effective for constructing the
expansions of these functions or their ratios in BCF [1-5,20-23,42, 46]. It is here that original,
non-standard constructions of BCF often arise, which are the subject of separate studies (see,
for example, [2]).
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1 Classification of functional continued fractions

A functional continued fraction is a continued fraction of the form

a1(z)
a(z)

b1(z) + )+

bo(z) + / (1)

where bj(z), j > 0, a;(z), i > 1, are some functions defined in the domain G, G C C. For
convenience, we will denote the same continued fraction (1) with the symbol

m(z)  ax(z)
bo(2) + bi(z) +by(z) +

or
00

, ax(2)
bO( ) +}2 bk(z)'

Most often, the elements of the continued fraction (1) are polynomials.

In the theory of continued fractions, different types of functional continued fractions are
considered. These include the following ones (see [48, 50, 55]).

Regular C-fractions are continued fractions of the form

D5 @

k=1

where ¢, € C\ {0}, k> 1,z € C.
S-fractions are of the form (2), where all ¢, > 0, k > 1.
g-fractions are continued fractions of the form

- -1
So (1 + D M) , 3)

k=1
wheresy) >0,0< gt <1, k>1,8 =0,z¢cC.
J-fractions are of the form

2 2
1 aj as

b1+Z—b1+Z—b2+Z—'

(4)

where by, a,, n > 1, are complex constants witha, #0,n > 1,z € C.

Note that the g-fractions are the most studied. The continued fraction (3) converges in the
domain |arg(z + 1)| < 7 to the function f(z) holomorphic in this domain. H.S. Wall [55]
established that every non-rational function f(z), analytic in the domain |arg(z +1)| < 7
and such that Re(v/1 +zf(z)) > 0 (here the principal branch of the square root is assumed),
is represented by a g-fraction of the form (3). W.B. Gragg [45] gave an estimate of the rate of
convergence of such continued fractions. At the same time, he significantly used the 7r-fraction
introduced by him. The even part of a 7t-fraction is g-fraction.

At an early stage of the development of the theory of g-fractions, the question of conver-
gence of continued fractions of the form

g1 (1—g1)gx2 (1—g2)83%3
1+ 1 + 1 4+

)
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and

1 gixp (1—g1)gx (1—482)83%3 ©)
1+ 1 + 1 + 1 +
where x; € C, k > 1, are complex independent variables, 0 < g < 1,k > 1,0r0 < g <1,
k > 1, was investigated in the works of W.T. Scott and H.S. Wall, J.F. Peydon and H.S. Wall,
E.B. Van Vleck, O. Perron, A. Pringsheim and H. Koch (see references and analysis of these
results in [55]).
Theorem of Stieltjes [54] is a classic criteria of the convergence of S-fractions.

Theorem 1. Let (2) be an S-fraction, where all ¢, > 0, k > 1. Then:

(A) the sequences of even { fo, } and odd {f,+1} approximants converge to functions holo-
morphic in the domain

G={zeC: |argz| < 1} (7)
and, in addition, converge uniformly on every compact subset of (7);

(B) the S-fraction (2) converges to function holomorphic in G if and only if the series ) ;. ; dy
diverges, where ¢y = 1/(dy_1dy), k> 1,dp =1;

(C) if the S-fraction (2) converges at a single point in G, then it converges at all points in G to
a holomorphic function in G;

(D) if there exists a constant M > 0 such that |cy| < M, k > 1, then the S-fraction (2) con-
verges to function holomorphic in G.

For C-fractions, the convergence criteria of Van Vleck, when the limit lim,, . ¢, = c exists
[48, 50, 55], as well as cardioid theorem, when ¢, k > 1, is taken from the parabolic domain,
and the variable z belongs to the cardioid [55], are characteristic.

Close to J-fractions are the so-called positive definite continued fractions

00 2
1 A _q

bl +Zl +k:2 bk‘{'zk,

(8)

where ay, by, k > 1, are complex constants, zx, k > 1, are complex variables. A continued
fraction (8) is called positive definite if the quadratic forms

n n—1
Yo Bkir—2 Y il n>2,
k=1 k=1

where By = Im(by), ax = Im(ag), k > 1, are non-negative definite.

A detailed analysis of positive definite fractions and related J-fractions is made in book
[55]. In particular, bounded J-fractions are studied, when there is a constant M such that
lag] < M/3, |bx] < M/3, k > 1. Then the J-fraction converges in the region |z| > M.
A J-fraction is said to be real if ai, by, k > 1, are real constants. All zeros of the denomina-
tors of the approximants of a real J-fraction are real. If such a continued fraction converges at
a point zg, zo ¢ R, then it converges in the domain Imz > 0 or Imz < 0 to the holomorphic
function in this domain [55].
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2 Some types of functional branched continued fractions

Branched continued fractions are analogous to continued fractions for functions of sev-
eral variables. Their research was initiated by V.Ya. Skorobohatko [53], and was developed in
the works of his students PI. Bodnarchuk, D.I. Bodnar, M.O. Nedashkovskyi, M.S. Siavavko,
Kh.Yo. Kuchminska and their students.

Let N be a fixed natural number and

I = {i(k) = (i1,i2,..., i) : 1<ip <N, p=1k}, k>1, I=JI
k=1
be the sets of multiindices.
Let z = (z1,22,...,2zn) € CN.If the functions by(z), a;(x)(2), by (2), i(k) € I, are defined
in some domain D C CV, then the functional BCF with N branching branches is called the BCF
of the form

N a;(1)(2)
bO(Z)+iX—:1 N ‘11‘(2)(1) '
Tihiy (@) + )
=1 b (2)+

for the compact notation of which we will use the symbols

~—

i(k)
bo(z) + ©)
k[_)l z-,; bir(2)
e N a2 N 6y (@)
ai(l) z 611-(2) z
bo(z) +
o(z) ilz_ll bi1)(z) + Z-Zz_ll bi2)(z) +
Let

Ji = {i(k) = (i1,ip, ..., i) : 1<ip <ijq <ip, io=N}, k>1, J=JJw
k=1

be the sets of multiindices.
If the functions by(z), ;) (z), bik)(2), i(k) € I, are defined in some domain G C CN, then
the BCF with independent variables is called the BCF of the form

et 4y (2)
b + . 10
O(Z) ,1:_)11-,;1 bi(k)(z) ( )

Let us consider the criteria of convergence of some types of functional BCF with N branch-
ing branches and functional BCF with independent variables.

The following approach is used to study the convergence of functional BCF types. There
are considered two sets: the coefficients are taken from one set and the variables are taken
from the other. Such sets are parabolic, circular, angular regions or their subsets. At the same
time, criteria of convergence of numerical BCF or their modifications are used [6,8,9,11-15,33].

As in the case of continued fractions, the most studied are multidimensional g-fractions.
The first, in particular, were the subject of R.I. Dmytryshyn’s PhD thesis [40].
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A multidimensional g-fraction with N branching branches is called a functional BCF of the form

oo N . 1— o .\ 1
S0 (1 + D Z gl(k)( gl(kl))zlk> , (11)
k

=1 ik=1 1

where sg > 0,0 < ;) < 1,i(k) € I, gipy =80 =0,z € CcN.

At the first stage of study of BCF (11) by analogy with continued fractions (5) and (6), the
independent variables z;, 1 < k < N, in (11) were replaced by independent variables z;),
i(k) € I. Multidimensional analogs of theorems of A. Pringsheim, H. Koch, E.B. Van Vleck,
O. Perron, H.S. Wall [10, 15, 18,40,41] were established, multidimensional chain sequences were
investigated. R.I. Dmytryshyn defined and applied multidimensional rt-fractions

o % ziy 1) % Zi, 7Ti(2)
1+yzi = L1+ n = o D1+ Yz

.« ey

where ;) > 0,i(k) € I, YN,z # —1,zeCN.
It is established that the even part of a multidimensional 7r-fraction is a multidimensional
g-fraction.

Theorem 2 ([18]). The multidimensional g-fraction (11) converges to a function f(z) holomor-
phic in the domain

N
Q:{ZECN: Z|Zi|<1}
i=1

and, in addition, the following estimates

s0(Xitq |zi)"

) = ful@)] < A 0

of the truncation error hold, where f,(z) is the nth approximant of (11), and

o 7 -1 .
Tzsup{l—(l—{—znyk) }, yk:max{ 8itk) ,i(k)EIk}, k>1.

r=nk=n 1- gi(k)

Theorem 3 ([41]). The multidimensional g-fraction (11) converges to a function holomorphic
in the domain

P = U Py, (12)
ae(—m/2,m/2)

where

N .
P, = {z cCN: Y |zal — Re(z,e~%*) < 2cos? }
n=1

In the work [41], an example of the expansion of function

In(14 z1 + 2z7)
Z1+ 22

into a two-dimensional g-fraction of the form (11) is constructed.
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A multidimensional g-fraction with independent variables is called a BCF of the form

oo k-1 z; -1
so<1+D z f“" ) ) : (13)

1=

where 59 > 0,0 < gy < 1,i(k) € ], 8i0) =80 =0,z € CN, and a multidimensional r-fraction
with independent variables is a BCF of the form

T ﬁ ~Zin (1) L~z TTi(2)
1 + 211 1 le + :1 1 + 1 + 2221 Zil + i2=1 1 + 1 + 2221 Zi3 +

.« ey

where ;) > 0,i(k) € .
BCF (13) is an even part of this fraction and

Ti(k)

— ik L k> 1.
T+ i(k) € Jk

8i(k) =

Theorem 4 ([36]). The multidimensional g-fraction (13) converges to a function holomorphic in
the domain (12) and, in addition, converges uniformly on every compact subset of this domain.

For BCF (13), multidimensional generalizations of theorems of W.T. Scott and H.S. Wall,
J.E. Peydon and H.S. Wall, E.B. Van Vleck, O. Perron, A. Pringsheim and H. Koch have also
been established, estimates of the rate of convergence on some bounded subsets of P, have
been found [10,36,41].

In the work [37], an example of the expansion of function of two variables

In(1 + (z2/23) In%(1+42)
(z2/21) In(1 4+ z7)

into a two-dimensional g-fraction with independent variables is constructed.
A multidimensional regular C-fraction with N branching branches is called BCF

zZ Citk) %
(14)

b+DZ

=1i=

or its reciprocal, where c;) € C, ¢j) # 0,i(k) € I,z € CN.
Let Br = max{|cj| : i(k) € I}, k> 1.

Theorem 5 ([15]). If for the multidimensional regular C-fraction (14) limy_,, fx = 0, then for
an arbitrary positive M there exists a number n dependent on M such that the tails of the
BCF (14), namely

-1
<1+ D 2 Zlk) , i(n—1) € L1, (15)

nlk

converge uniformly to a function holomorphic in the polydisc {|zy| < M : k=1,N}.
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Theorem 6 ([15]). Let (14) be a multidimensional regular C-fraction such that each set
m = {Cigkym : i(k) € I} has one limit point ay, that is, limy e Ci(k)m = @&m, m = 1, N,
and let P = P; x P, x ... Py, where

cos? vy
Py=<weC: |wl —Re(wexp(argay —27)) < ——¢, m=1,N,
2N ||
7 is an arbitrary number such that |y| < 71/2. Then for an arbitrary compact K, K C P, there
exists a number n, which depends on K, such that the BCF (14) converges uniformly on K to a
function holomorphic in some region () such that K C () C P.

A BCF of the form

-1
<b0+ZO+DZb()+ZZk> , (16)

11

where by, a;(), bjr) € C, i(k) € I,z = (z0,21,22,...,2n) € CNT1, is called a multidimensional
J-fraction with N branching branches.
Let Bix) = Imbj), aj) = Imayq, i(k) € 1. BCF (16) is positive definite if the quadratic

forms
n N

Y. ) [%(k)@}z( Z Z (k) Ci(k) Gi(k—1)s

k=01i1,ip,...,iy=1 =1iy,ig,..., k=1

where ¢;(p) = Go, are non-negative definite.

If (16) is positive definite, then its denominators B,(z’), n > 1, are different from zero in
the domain Imz; > 0, k = 0, N, that is, the approximants take finite values.

If there is a real positive constant M such that

M M
G| < — | < —
aige)| < 1+2VN 1Bigey| = 1+2VN

then the BCF (16) is called bounded, and the minimum possible number M is called the limit
of the multidimensional J-fraction (16).

i(k) eI,

Theorem 7 ([15,16]). The multidimensional bounded J-fraction (16) with the limit M converges
uniformly if |z;| > M, k =0, N.

A multidimensional J-fraction (16) is called real if by, a;(x), bj(x), i(k) € I, are real numbers.

In the multidimensional real J-fraction (16), all approximants of f,(z’), n > 1, are functions
holomorphic in the domain Imz; > 0, k = 0,N, or Imz; < 0,k = 0,N. In addition, it is
positive definite.

Theorem 8 ([15,16]). The multidimensional real J-fraction (16) converges uniformly on every
compact subset CN*T! whose distance to the set

Imzk:O, |Rezk|<L kZO,N,

~1+42VN’

is positive.
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Theorem 9 ([15]). BCF

—a Zlk 1Zk

oo N
1+DY ———
k=1 lk:1
where a;) € R, i(k) € I, such that

g < (1= giw—1))8i, (k) €1,

Z| =

where gy = 0,0 < gy < 1,i(k) € I, converges uniformly on every compact set whose
distance to the setImz; = 0, |Rez;| > 1,i = 0, N, is positive.

A multidimensional reqular C-fraction with independent variables is called BCF

N 1)Zi 0o i1 .o
i (k)~i
; —.DL (17)

where c;) € C\ {0}, i(k) €
For the BCF (17), in particular, the conditions of convergence, when the coefficients c;),
i(k) € ], lie on the same beam, were investigated.

Theorem 10 ([34]). Let the coefficients c;), i (k) € Jx, k > 2, of BCF (17) lie on the same beam
arg ci) = @, i(k) € Jy, k>2,—m < ¢ < 7, and

iy L. |C- |
TE <gi i(k) € Jy, k>1
ik§_1 (1= i(k+1))(1 +cosg) — ity (k) € Ju k=1,

wherely,1 < k < N, are the positive numbers, 0 < g;x) <1, i(k) € J. Then BCF (17) converges
to a function holomorphic in the domain

Dl(N),M = {z cCN. |zk]| —Rezp < Iy, |zx| <M, 1 <k < N}

for each constant M > 0, and, in addition, converges uniformly on every compact subset
of Dl( N),M

Theorem 11 ([34]). Let the coefficients c;y), i(k) € Jx, k > 2, of BCF (17) lie on the same beam
arg ci(x) = ¢, i(k) € , k>2,—m < ¢ < m,and

1+cosg

z i(k) € Jr, k>2,
i

lci| < Sig—1) (1 — Gigk))

k

wherely, 1 < k < N, are the positive numbers, 0 < i(k) < 1,i(k) € J. Then BCF (17) converges
to a function holomorphic in the domain

N |zx| —Rez N
0) =zeCVN: Pr = 2%k o, z <M}
o= {zecy: R ¥l

for each constant M > 0, and, in addition, converges uniformly on every compact subset
of OZ(N), M
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Let us consider the multidimensional S-fraction with independent variables (17), where
ciry > 0,i(k) € Jx, k > 2, thatis, ¢, i(k) € Ji, k > 2, lie on the same beam argc;) = 0,
l(k) € ]kt k > 2.

Theorem 12 ([25, 26, 35]). Let the coefficients Ci(k)s i(k) € Jx, k > 2, of the multidimensional
S-fraction with independent variables (17) satisfy the following conditions

i1

Y cipl, <1, i(k—1) € Jiq, k=2,

where I, 1 < k < N, are the positive numbers. Then the multidimensional S-fraction with
independent variables (17) converges to a function holomorphic in the domain

|zx| — Re(zze™2%) 1
Pynym = U {ZGCNI I cos? o <§, lzg) <M, 1<k<N
ae(—m/2,m/2) k

for each constant M > 0, and, in addition, converges uniformly on every compact subset

of PI(N),M

In the case N = 1, when the multidimensional S-fraction with independent variables is
transformed into simple S-fraction, it follows from this theorem that if ¢/ < 1, k > 2, where [
is a positive constant, then the S-fraction (2) converges to a function holomorphic in the domain

HI,M:{ZEC: ‘arg(z—irfi)’ <, |z| <M}

for each constant M > 0. Comparing this result with Theorem 1, we see that a new convergence
criterion for S-fraction (2) is obtained.

Theorem 13 ([25, 26, 35]). Let the coefficients Ci(k)s i(k) € Jx, k > 2, of the multidimensional
S-fraction with independent variables (17) satisfy the following conditions

Ci(k) < ‘7( )quE ' )(1 - Qi(kfl))z i(k) € Jp, k=2,

where 0 < g, < 1,i(k) € Ji, k > 1. Then BCF (17) converges to a function holomorphic in
the domain

PM - U PM,D(/
ae(—m/2,m/2)

where
Pya={z€CV: |z] —Reze ®* < 2cos’w, |z| < M, 1 <k < N},
and, in addition, converges uniformly on every compact subset of Pyy.
Estimates of the rate of convergence have been established for multidimensional S-fractions

with independent variables.
For the multidimensional J-fraction with independent variables

oo k-1 -1
<b0+Zo+D Z —{—Z ) , (18)
iy

=1i=

where bo, a;(x), bjr), i(k) € ], are complex constants, a multidimensional analogue of the Tron’s
parabolic theorem is established.
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Theorem 14 ([8]). Let the coefficients of BCF (18) satisfy the conditions a;y € P, (a,a),
bo, by € H(b,a),i(k) € ], where

P:

Tk—1
H(b,a) = {w € C: Re(we ™®) > bcosa},

where i(k) € J,a > 0,b € R, M > 0, |a| < 7w/2. Then BCF (18) converges to a function
holomorphic in the domain

D={z e CN*': z, € Hy(a — b,a), s =0,N},

, 2
(a,0) = {w € C: |w| — Re(we %) < Lo lw| < M}
1

where
Ho(a —b,a) = {w € C: Re(we ™) > (a —b) cosu},
and, in addition, converges uniformly on every compact subset of D.

Papers [32,33,38,39] investigate positive definite BCF with independent variables, multidi-
mensional J-fractions with independent variables of the form

0o k-1 —c2
19
Z d —{—le ]:)Zlkz d +Zlk ( )

where Ci(k) eC \ {O}, di(k) € C, l( ) ]

Theorem 15 ([39]). Let the coefficients c;y), i(k) € ], of multidimensional J-fractions with
independent variables (19) satisfy inequalities

N Imc;j(y)? =] (Im ¢;(j))?
(Imcj1)) <1_¢ Z i)
= 1hgo(1— &i1)) i L 8ig—1) (1 — Sigr)
where (0 < ¢ < 1,1}, 1 < k < N, are the positive numbers, gy > 0,0 < Sitk) < 1—¢i(k) €],
and the coefficients d;), i(k) € ], such that Red;;y = 0, Imd;(x) > 0,i(k) € . Then:

(A) for all z from the set

Sl_gr 1(k)€]krk22,

Pisac = {2 € OV s ot <1, Jargld — )| < 57 1 <K< N},
where d = inf{Imd,, : i(k) € ]}, the sequences of even and odd approximants of (19)
converge to holomorphic functions g(z) and h(z) and, in addition, converge uniformly
on every compact subset of Int Py 4/

(B) BCF (19) converges to holomorphic function f(z) in the domain Int P; v 4 . if series

> 1
) max (2—, i(k) € ]>
k=1 |Ci(k)|
diverges, and, in addition, converge uniformly on every compact subset of Int Py ) 4 -

Some types of functional branched continued fractions with N branching branches and
branched continued fractions with independent variables, which, in particular, arise when
special functions are represented [1-5, 28-30, 43, 44, 47], are considered. An analysis of the
study of the convergence of such fractions was conducted. We do not claim the completeness
of the results of such studies obtained by various authors. The conditions of convergence of
different types of BCF are formulated, which, from our point of view, correspond to certain
trends and directions of development of the analytical theory of BCF.
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ITpoBeaeHO aHaAi3 AOCAIAXKEHDb IMTaHHS 30iKHOCTI Pi3HMX THUIIB (PYHKIIIOHAABHMX TIAASCTMX
AQHIIIOTOBMX APOOiB. PO3TASIAQIOTBCS MiAASICTI AQHITIOTOBi Apo6¥ 3 N riAKaMM pO3raAy>KeHHS Ta IiA-
ASICTi AQHITIOTOBI APOOY 3 HepiBHOZHAYHMMMY 3MiHHVMMU. AaHO O3HaUYeHHsI i cOpMyAbOBaHi, Ha HaIIl
TIOTASIA, XapaKTepHi 03HaKM 361KHOCTi 6araToBMMipHMX y3ararbHeHb C-, S-, -, [-ApObIB SIK AASI TiA-
ASICTMIX AGHIIIOTOBMX APOOiB 3araAbHOTO BUTASIAY 3 N TiAKamy posraay KeHHs Tak i TIAASCTMX AaH-
LIIOTOBMX APOGiB 3 HepiBHO3HaUHMMM 3MiHHMMM. Taxi 6araToOBMMIpHI y3araAbHEHHsI HellepepBHIX
ApobiB 3ycTpivaroThbest, 30KpeMa, TPy pO3BMHEHHI Pi3HMX KAaciB TimepreomMeTpnyaamx pyHKII 6a-
raTboX 3MiHHIX, 30KpeMa, PyHKIIN Ammreas:, Aaypideaan, I'opHa Torro.

Kntouosi cnosa i ppasii: TIAASICTVIE AQHIIIOTOBUI APi6, 30iXKHICTb, apOKCMMAIIisl pallioHaABHIMI
dyHKIISIMIL



