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THE FOURTH ORDER MIXED PERIODIC RECURRENCE
FRACTIONS

A.V. SEMENCHUK, R.A. ZATORSKY

Abstract.  Offered economical algorithm for calculation of rational shortenings of the
fourth-order mixed periodic recurrence fraction.
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1. INTRODUCTION

The author got his idea of recurrence fractions in the year 2002 in [1], where continued frac-
tions are written in terms of parapermanents of triangular matrices, i.e. the second-order re-
currence fractions. The third-order recurrence fractions were studied by the author and his
postgraduate student Semenchuk A.V. in [2],[3],[4]. This study is a natural continuation of [5];
that is why, in the present paper, we use references to the theorems and formulas of the latter.
Given that, we shall denote the numbers of the formulas and theorems from [5] with a stroke.
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2. THE FOURTH-ORDER MIXED PERIODIC RECURRENCE FRACTIONS

Definition 2.1. The 4-th order recurrence fraction
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is called the 4-th order mixed k-periodic recurrence fraction with the preperiod of I.

We shall study the fourth-order 5-periodic recurrence fractions with the preperiod of 5. In
case of the 4-th order k-periodic recurrence fractions with the preperiod of /, all the considera-
tions and relevant algorithms are similar.
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For | = 5and k = 5, the fourth-order mixed periodic recurrence fraction is written as
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where g%, ’f,r’-‘ s’f ., p;, r; and s; are positive.
] ] 1 1 1 1

We shall decompose the numerator of the rational shortening PO%"T of this fraction by the

elements of the inscribed rectangular matrix T(6), and the denominator — by the elements of
the table T(5). We shall obtain

[90]n+s _ [90]5(q1(92]n—1 4 p2l43]n—2 + 73[qa]n -3 + salq5]n—a)+
[qi)nva  [a7]a(q1[92]n—1 + p2[ga]n—2 + 3[9aln—3 + sa[q5]n-a)+

+[95)a(p1[92]n—1 + 72[q3]n—2 + s3[q4)n—3) + [q5]3(r1[92]n—1 + s2[93)n—2) + [95])251[92]n—1
+1a713(p1[g2)n-1 + 72[93]n—2 + 83[a]u—3) + [97]2(r1[q2]n-1 + 52[g3]n—2) + [47]151 (2] 01

In the numerator and denominator, the expression in the first brackets is decomposition of
the parapermanent [q; ], by the elements of the first column, so the last fraction is written as

[95l5[91]n + [q5]a(p1lg2]n—1 + r2[q3]n—2 + s3[q4]n—3)+
[qilalm]n + [97]5(p1l92ln—1 + r2(g3]n—2 + $3[q4]n—3)+

+1a013(r1(q2]n—1 + 52(93)n—2) + [951251(q2]n 1
+Hail2(nlgaln + s2(g3]n-2) + la7]is1[g2]n 1
or after grouping corresponding summands, it is written as

[95)5[91]n + ([q5)ap1 + [g5)ar1 + [g0]281) [92]n—1 + ([95]ar2 + [95]352) [93]n—2 + 95483
[q11alg1]n + ([a7]3p1 + [97]2r1 + [93]151) [92]n—1 + ([97]372 + [a7]252) [93]n—2 + [q7]383

We shall divide the numerator and denominator of the last fraction by [g4],—3 and obtain the
fraction

615t [t {2 4 (gslap + lalars + [ losn) [ht {2+

q2 n—1 [43/n—2 |94|n—3 q43|n—2 |44|n—-3
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+([gplar2 + [ag]as2) (1222 + [a5)ass
+([g7]ar2 + [33]252) 121222 + [a7]as3
Let us have the following limits
lim [qg]”H =x*, lim 91 =x, lim 192]n =y, lim 93)n—2 =z
UHIEE n= 2] n=e0 (3] n=e0[qa]u-3

Then the last expression is written as

« _ lolsxyz + ([9p]apr + [q0]ar1 + [9p]251)yz + ([9p)ara + [9p]a52)2 + [45)ass
 lailaxyz + (lgilspr + lailor + [9ilas1)yz + ([g7)ar2 + [7]252)2 + [g7]as5"
where x, y, z are solutions of simultaneous equations

X

x—q1+p2+r3 _|_ysz4u,
y_q2+P3+ r4 +zsu51)’
Z=q3+ P4 + 7’5 + usz}x’ (2.2)
U=y +P5+’1 + o5
v—q5+p1 + 3 2 +;y32/
for the 5-periodic recurrence fraction
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where

U= lim ———= (4

X v = lim
n—s00 [qS]

(see [5], p.2 on page 13).
Thus, the theorem is true.

Theorem 2.2. Let | =5, k =5, and q;‘, p]*, r]”f, s;-k, gi, pi, 1i, Si > 0, and the limits

[92]n—1 (93]

=x, lim =vy, lim = z.

llm [qS]n+4 R
n—o0 [q3] n—o0 [q4]

- = x*, lim 9]
”_>°°[‘71]n+3 n—eo (o], 1

Then

«  qolsxyz + ([95]ap1 + [g5]ar1 + [95]281)yz + ([95]ar2 + [95]352)z + [g5]as3
gilaxyz + ([q5 1301 + [95]2r1 + lai]is)yz + ([q51372 + [97]252)2 + [q7 1383

where x, y, z are solutions of the simultaneous equations (2.2) for the 5-periodic recurrence fraction (2.3).

X
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Example 2.3. Let
Go=301=249=3493=2,q;=3,p1=4p2 =3,
ps =4,p; =3, =2,13 =51, =2,55 =1,5; =1,
f1=lLpp=1lr=1Lss=1,qp=1Lps=1Lrs=1,5=1,93=2,ps =2,
r5=2,51=2,q=1,ps=1,r=1s=1,q95=2,p1 =2,12=2,53 =2,
then the mixed recurrence fraction is written as

= QG

O OO OO DUl=wNa
O O O O ONIFRTWIW N
S O O OFINWINNIRL W
O O O NIFNI-WIW N

O O RIN=IN=IN QI

O R = =

TR ST ST

—IN=IN N

Nl— =
N

_. o . o .. o e oo o« .. o .. o .. o e oo 1 e

The value of the mixed periodic recurrence fraction converges to the number
«  060xyz + 337yz + 317z + 276
125xyz + 75yz + 71z + 62
where x is the root of the equation modulo maximum

9x* —9x3 —9x2 —8x —16 =0,

4

such that
1 1 11 33 12
— - 4= 42 = o436 | ~1. 74190602
X 4+2 8+ U—FJ 3 v+\/T+zv 969558741906025,
8
where
1 1 2
D= — §+—€/—2007+144 622 — . 5 ,
224 9 v/ —2007 + 144+/622
and
_ 4 —x
Y= 33 32 —3x—4’
. 4 —x
© 3x2y —3xy —4dy+x—4
Thus,

x* & 4.47989948650800763333.

Let us find rational shortenings of this fraction; we shall get

1 41 1 97
= 70 =50 =—=4,56,03 = 138 =4,452,04 = 260 ~ 4,48, 05 = 897 ~ 4,485,

o 9 31 125 200
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86 = % ~ 4,479798, 57 = % ~ 4,47922, 65 = 1202% ~ 4,47997, 09 = % ~ 4,47996,
0 = % ~ 4,479889,51 = % ~ 4,4798917, 61y = % ~ 4,479902,
3= iigg?g ~ 4,4799001, 614 = 1493671866070 ~ 4,47989915, 15 = 3886623450081 ~ 4,47989931,
16 = % ~ 4,47989954, 617 = % ~ 4,47989950003,
15 = —49259859933;2 ~ 4,4798994802.

3. ALGORITHM FOR CALCULATION OF RATIONAL SHORTENINGS OF THE FOURTH-ORDER
MIXED PERIODIC RECURRENCE FRACTION

Let us construct the algorithm for calculation of rational shortenings of the fourth-order
mixed periodic recurrence fractions, which is much more practical than the algorithm described
in the previous section.

Let n be the order of the parameter of its rational shortening, and n = sk+1, s =1,2,3,....
Then the following theorem is true.

Theorem 3.1. The rational shortening
_ B
Qn

of the fourth-order mixed periodic recurrence fraction (2.1), with the period of k > 2, equals the value of
the expression

O

Qo+t P15 Tr 5T —

where A, B, C and D are defined by the recurrence equalities

A =sza; 1D L 4 (s g + 1oy 1)C5, L + (s1ay5 + o + proy_1) B, | + @A, (3.1)
B = 5381205 s + (s2B1-3 + 12B1-2)Ci Yy + (s1B1-a + 11B1—3 + p1B1-2) Bl + 114}, (32)
C=s31-3D} Yy + (5271-a + 1211-3)Cou s + (1715 + r1vi-a + p171-3) Bl Y 4+ 11243, (3.3)

D = san_aDi s + (sam1—5 + rom—a) oo s + (s1771-6 + riffi—s5 + p1iqi—a) BiL Y, + 1113 A%, (3.4)
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and A3, BS ', CSL, DS, are respectively defined by the recurrences (9'), (10°), (11), (12'). If
k =2,3,4, we believe { .o =T<0=¢P<0=¢<0=0, ¢o = o = Tp = ¢o = 1. Likewise, if | = 2,3,4, we
consider <o = <o = Y<0 =1<0=0, ag=po=7r =1 =1

Proof. For the fraction (2.1), the parapermanents P}, and Q7 are written as
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We shall denote the parapermanent, derived from the parapermanent (3.9) as a result of delet-
ing the first column, by A, the parapermanent, derived as a result of deleting the first two
columns, — by B, the parapermanent, derived as a result of deleting the first three columns, —
by C, and the parapermanent, derived as a result of deleting the first four columns, — by D.
Then, decomposing the first parapermanent by the elements of the first column, we shall get
the equality P} = gjA + piB +r;C + s3D, which, by taking the equality Q7 = A into account,
will lead to the equality & = g5 + p; & + r;% +s38.

We shall denote the parapermanent, derived from the parapermanent (3.9) as a result of delet-
ing the first (/41) columns, by A, (it contains s periods of the fraction). The parapermanent,
derived from the parapermanent A}, as a result of deleting the first column, is denoted by sz__ll.
The parapermanent, derived from the parapermanent A}, as a result of deleting the first two

columns, is denoted by Cs,:_lz, and the parapermanent, derived from the parapermanent A3, as

a result of deleting the first three columns, — by D;;_lg. We shall decompose the parapermanent
A by the elements of the inscribed rectangular matrix T (! 4 1). Taking (3.5) into account and
applying the theorem on incomplete decomposition of a parapermanent by the elements of the
(I + 1)-th column, we obtain the equality (3.1). We shall make similar transformations with the
parapermanent B. We decompose it by the elements of the table T(I), taking (3.6) into account,
at that we get the equality (3.2). We shall also make similar transformations with the paraper-
manents C, D. We decompose them by the elements of the tables T(I — 1), T(I — 2) respectively
and take (3.7), (3.8) into account. At that, we get the equalities (3.3), (3.4).
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We shall decompose the parapermanent Aj, by the elements of the inscribed rectangular table
T(k+ 1), then we get the recurrence (9”). Likewise, we shall deal with the parapermanents
B5. ', C5 L, and DS !,, decomposing them by the elements of the tables T(k), T(k — 1) and
T(k — 2) respectively. At that, we get the recurrences (10%), (11"), (12). O

Example 3.2. Let us have the fourth-order mixed 5-periodic recurrence fraction from Example
2.3.

Let us find its rational shortenings applying Theorem 3.1.

We shall find

N—2,1-1,10, 11, Y—1, Y0, Y1, Y2, Bo, B1, B2, B3, &1, &2, &3, &4,

6—1/ éOI gll 62/ To, T1, T2, 13, lpll lIJZI 1P3/ ll)4/ §02/ (P3/ §94/ 4’5
from the equalities (3.5), (3.6), (3.7), (3.8), (13'), (14'), (15°), (16"):

2
Nn2=0n11=01n=Lm=371=0v%=111=2"7= { 3 3} =9,
3
3 3
po=1, p1=3, ,32:|:A_12:|:10, Bs= |3 2 =41,
2 %Q 3
3 3
2 2 é3
DC1—2,062— 3 :9,0€3— 3 3 :31,064: % 4 :125,
3 3 3 4 77 2
: 402 t3
i 2 1 2 3 4
2 3 3
1
¢-1=0, %=1 =1 & [l 2]=4,
2
) 2
To—l, T1—2 Tz—{z ]—4 T3 = % 1 =12,
11 21 9
1 2
1
1 1
1 =1, 1P2=[1 2}23, lli3{% 2 ]6,
2 I 2
2 1
1
12 1 }
11 1 1 1 1 5
i 2 1 9 1 2
2 1 2
1 i
1 71
7 1 1 1
pa=|11, [=12 =7 72 = 35.
2 1%2 1
L1 L1
O ) T z 2

2
Thus, the recurrences (3.1), (3.2), (3.3), (3.4), (9"), (10°), (11”), (12’) will be written respectively
as
A= 62D; + 71C55 , + 75B55 1 +125A%,
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B =20D5 !, + 23(:;;_12 +25B5 !, +41A%,,
C=4Di ', +5C5 1, +5B5. Y, +9A%,,
D =2Di 1 + 2c;;12 +2B5 1+ 3A55,
= 24D5 % + 30CE, %, + 34BS % + 35A%,
B, 11 = 12D§; % + 15C5 %, + 17BS % + 18 A%, 15,
Ciol = 8D 2% +10C5 2, + 12B52, + 12451,
D;s_—13 = ZD;S_—ZS + 3C;s_—27 + 33&535_—26 + 3A§s_—15'

s-th convergence to the value of the given recurrence fraction by the algorithm of Theorem 3.1
is written as

B C D
3442 42548
s 3+ 2 + A + e
Since
=&H=3 C=15=12 Bl=y,=18 Al=¢5=35
then
59699 3863501 1780047
— 0077 4479889, vy = So000U0 4 47989931, s = —t A 270446179,
M= 13326 2= 862408 73 = 658189
98034217 5399131407
— 2OORE 0 70446180035, 45 = S0t 5 70446180029286,
"4 = 36249057 75 = 1996379245
297351484441
_ ~ 2.704461800292654.
76 = 109948487499 0446180029265

Thus, s-th convergence 7;, found with the help of the algorithm of Theorem 3.1 coincides
with the (5s + I)-th convergence ds,. ;, found with the help of established recurrences.
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Y poboTi BHBUAOTHCsI 3MIIAHI MMEPIOJUYHI PEKYPEHTHI JIPOOM YeTBEPTOrO IMOPSJIKY. 3AIPOIOHOBAHO
AJTOPUTMHU 1X ODUUC/IEHHS 1| BCTAHOBJIEHO 3BS3KU 3 BiAMOBiIHIMU ajredpaidyHuMU PiBHAHHIMU 9€TBEPTOTO

HOPAJIKY.

KurouoBi ciioBa: napadyHKIlil TPUKYTHIX MATPHUIlb, PEKYPEHTHI Ipobu, ajaredpaidni piBHAHHS.



